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1. Finite differences and Interpolation with Equal intervals

Let y = f(x) be a function. Here x is called independent variable and y is dependent variable. The independent
variable x is called as argument and y is called as entry. In y = f(x) where x € [a b]

Consider the arguments x = x, x4, X, ... X, Where xo, = a,x; = a + h,x, = a + 2h, .....

X, = a + nh then the corresponding values of y are y,, ¥4, Vs, ..... y,, here h is known as interval of
differencing. Generally there are 3 types of differences:

i) Forward differences i) Backward differences iii) Central differences.

Forward differences: - Let y = f(x) be a function. If x = x¢, xq, x5, ... x, Where x, = a,x;, =a+ h,x, = a+
2h, .....,x, = a + nh are the consecutive values of x then the corresponding values of y are y,, ¥1, V2, v .- V.

The differences y; — yo, V2 — ¥1, ¥3 — ¥2, ... are called the first order forward differences of the function f(x)

at the points x = x,, x4, x5, ... respectively and these are denoted by Ay,, Ay;, Ay,, ... respectively. The
differences Ay, — Ay,, Ay, — Ay,, Ays — Ay,, ... are called second order forward differences of the function
f(x) at the points x = x,, x4, X5, ... respectively and these are denoted by A2y,, A%y,, A%y,, ... respectively.

Similarly we can define third order, fourth order... forward differences of f(x) where A is the forward
differences operator.

Forward difference operator: The operator A defined by Af(x) = f(x + h) — f(x) is called forward
difference operator (or) descending difference operator.

Backward differences: - Let y = f(x) be a function. If x = x4, x;, x5, ... x,, Where xo = a,x; = a + h,x, =
a+ 2h, .....,x, = a + nh are the consecutive values of x then the corresponding values of y are

Yo: Y1, Y25 eee v Yne

The differences y; — vo, V2 — Y1, V3 — Y2, ... are called the first order backward differences of the function f(x)

at the points x = x,, x4, x5, ... respectively and these are denoted by Vy,, Vy,, Vy,, ... respectively. The
differences Vy, — Vy,, Vy, — Vy,, Vys — Vy,, ... are called second order backward differences of the function
f(x) at the points x = x,, x4, X,, ... respectively and these are denoted by V2y,, V2y,, V2y,, ... respectively.

Similarly we can define third order, fourth order... backward differences of f(x) where V is the backward
differences operator.

Backward difference operator: The operator V defined by Vf(x) = f(x) — f(x — h) is called backward
difference operator (or) ascending difference operator.

Central differences: - Let y = f(x) be a function. If x = x¢, xq, x5, ... x, Where xo = a,x; =a+ h,x, = a+
2h, .....,x, = a + nh are the consecutive values of x then the corresponding values of y are yo, y1, Y2, <+ -- Y-

The differences y; — yo, ¥2 — ¥1,¥3 — Y2, ... are called the first order central differences of the function f(x)
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at the points x = x,, x4, x5, ... respectively and these are denoted by 8y, 8y3 2, 6¥s 2, ... respectively. The
differences 8y, — 812, 8Ys/2 — 832,672 — 852, ... are called second order central differences of the

function f(x) at the points x = x,, x4, x5, ... respectively and these are denoted by 8%y, §2y,, §2v;, ...
respectively.

Similarly we can define third order, fourth order... Central differences of f(x) where § is the central
differences operator.

Central difference operator: The operator § defined by 6f (x) = f(x + h/2) — f(x — h/2) is called
central difference operator. i.e. § = EY/? — E=1/2 (v Ef(x) = f(x +h))

Shift operator: -The Shift operator E defined by the rule Ef (x) = f(x + h) where h is an increment

~Ef(x)=f(x+h)

Average operator: -The Average operator u is defined as uf (x) = %[f (x + g) +f (x - g)]
uf () = 3 [Exf G0 + B3 ()
i3l

Average operator is also called the mean operator

Relationship between operators: -

1. Showthat A=E—-1 or E=1+A

Sol) For any arbitrary function f(x) we have show that Af (x) = (E — 1)f(x)

Now Af(x) = f(x + h) — f(x) = Ef (x) — f(x) = (E — 1) f(x)

~A=FE -1

2. ShowthatV=1—E~1

Sol) For any arbitrary function f(x) we have show that Vf(x) = (1 — E"1)f(x)

VI =fO)—fx—h) =fx)—E f(x) =10 -E)f(x)

“V=1—ElorE1l=1-V

3.Show that E = e"® =1 + A where D is the differential operator.

Sol) For any arbitrary function f(x) we have Ef (x) = f(x + h) By Taylor’s series

h? h3
EfG) = flx+h) = fO) +hf () + 5 f110) + 57 110 + -
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= 1.f(0) + hDf(x) + L D2F () + L D3 (x) + -~
=[1+mD+2D2+ D% 4| F(2)

_ LhD X 2 x
Ef(x) = e f(x) (.ex—1+x+2!+3!+ )
“F = ehD
Next (1+A)f(x) = f(x) +Af(x) = fQx) + f(x + h) — f(x) = Ef (x)
~1+A=E Hence E=e"=1+A
4. Show that A= 1 — e~*P where D is the differential operator

Sol) we know that E = e"? = 1 + A= el

Sl e (1) = e 51— Az e o A= 1— e

2\ 2 2
5. Show that 1+ 822 = (1+2) (0R) 1+ = /1+ 6242

1 12 [ 5 -1
LHS= 1+(E5 — E‘z) (E“ZE 2)

4+E%2-2+E"2
4

_(E+ETY

B 2
RHs—1+5—2—1+1(E§—E‘§)2—1+1[E—2+E—1]—
T 2 2 - 2 -

(1+5) =)

2\ 2 2
2146822 = (14%) (0R) 1+% = [T+ 5222

=l (E—E™)2=1+-(E2—2+E7%) = = (E?+2+E2) =L (E+E™)?

24E-24E"! _ E+4E7?
2 2

2 2

6.5.T (i)A= EV (ii)V = E71A (iii))A=V(1 -V)"! (iv)1+ A= (E-1)V~ ! (v)AV = VA= §?
Y 1+0)A-V)=1

Sol(D(EV)f (x) = E(Vf(x)) = E[f(x) — f(x — h)]

= Ef(x) —Ef(x — h)

= flx+h) —flx—h+h)=flx+h) - f&x) = Af (%)




~ A=EV
(i) (ET'0f(x) = ET(Af () = E7f(x + h) — fF()] = E7 f (x + h) — E7*f (x)
=fx+h-h)—flx—h)=fx)—-flx—-h)=Vf(x)
& V=E1A
GHVA-V"1=V(EDT  sinceV=1-E'=E1=1-V
=VE=A
(iv)(E — 1)V~1= AV-! sinceE—1=A

=(EV)V'=E=1+A

WAV=(E-1D(1-E ) =(E-1-1+EY)=(E-2+E1= (E% - E‘%)Z = §2

Similarly we can prove VA= §2

WA +2)A=-Vf()=A+D[f) =V )] = A +D[f(x) = f(x) + fx — h)]
=@ +0f(x—h)=fx—h)+fx) - flx—h) = f(x)

A (A+0A-V) =1

1 )
7.Using the dif ference operator prove the following (i)6?E = A? (ii))E™2 = p — >

1
2:1 _52
i) u +4

E2—2E+1

1 1
Sol: () Weknowthat§ =E2—E 2= 8> =E—-2+E 1= 5

= 62 = (E — 1)? = A?

1 -1
E2+E 2
2

1,1 1\2 1/ 1 _1\2 1 1
:Z<E2+E 2) =2 (EZ—E 2) + 4 :Z(6Z+4):1+_62

e 2 —
(i) u 2

8.P.T f(a+ nh) = f(a) + n.,Af(a) + n,A*f(a) + -+ n, A"f(a)
Sol: f(a+nh) =E"f(a) =(1+A)"f(a) SinceE=1+A

= {1 +n,A+n,A% + - +n, A"}f(a)
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= f(a) + n., Af (@) + n.,A*f(a) + - +n, A" f(a)

Fundamental theorem of differencial calculus: -The nt"* order forward differences of an nt"* degree
polynomial p,, (x) is a constant and A™*1p, (x) = 0

Sol) Consider a polynomial p,, (x) of nt" degree p,,(x) = agx™ + a;x™" * + a,x" 2 + -+ a,_1x + a,
po(x +h) =ap(x+R)" +a;(x + )" ' +a,(x + )" 2 + -+ a1 x +h) +a,
By def of A

Apy,(x) = pp(x + h) — pr(x)
=ao[(x + )" — x|+ a; [(x + )" —x" 1+t a,_[x+h—x]+ (a, — ay)

= ao[ne, X" th+ g, x"2h2 + -+ A + ay[(n — 1) 2" 2h+ (n— 1), x" 3R + -+ RV + o +
a,_1h

Ap,, (x) is a polynomial of degree (n-1) with the coefficient of x™~* is agn. h = aonh
Similarly A%p,,(x) will be a polynomial of degree (n-2) with the coefficient of x»~2 is = agn(n — 1)h?
By repeating the process we can see that A"p,, (x) = agn(n — 1)(n— 2) ...3.2.1.h™ = agn! k"
Hence the nt" order forward differences of an nt"* degree polynomial p,,(x) is a constant
. A"p, (x) = constant
Hence A™lp (x) =0

agn!'h™ if k=n

0 if k>n where p, (x) = agx™ + a;x™ 1 + ax™ % + -+ ap_1x + a,

Note: Akp, (x) = {
Problems:

1.I1f f(x) = k,k is constant then find (i)Af(x) (ii)Ef(x)
Sol:. f(x)=k=f(x+h)=k
DAf)=fx+h)—fx)=k—k=0 WEf(x)=f(x+h)=k
2. Evaluate (i) Alogx (ii)ATanx

x+h X
Sol: (i)Alogx = log(x + h) — logx = log (T) = log (1 + E)
(iD)ATan *x = Tan *(x + h) — Tan™'x = Tan™?! %] =Tan™! [ﬁ]
3. Evaluate A%(3e¥)
Sol: A*(3e*) = 3A%(e*) = 3A(Ae*) = 3A[e*th — e*] = 3A[e* (e — 1)]
=3(e™" — 1)Ae* = 3(e™ — 1)[e**" — e*] = 3e*(e” — 1)?
4.Find the value E*(x*)when the value of x varing by a constant increment 2
Sol:We have Ef (x) = f(x + h) Givenh =2




E2(x*)=(x+2h)?=(x+4)?=x?>+8x+16

5.Evaluate E"(e*) when the interval dif fercing is h

Sol:We have Ef (x) = f(x + h)

En(ex) — ex+nh

6. Evaluate A3(1 — x)(1 — 2x)(1 — 3x)when the interval dif ferencing being unity
agn'h™ ifk=n

0 if k>n

A3(1—x)(1—2x)(1—3x) = A3(1 — 6x3) = (—6)(3)h3® = —36h3 = —36

7. Evaluate A'°(1 — ax)(1 — bx?)(1 — cx3)(1 — dx*) when the interval dif ferencing
being unity

Sol: We know that A¥p, (x) = {

apn!'h™ ifk=n
0 if k>n
A1 —ax)(1 = bx®)(1 —cx®)(1 — dx*) = AY(abcdx'®) = (abcd)(10)A° = (abcd)(10!)

Sol: We know that A¥p, (x) = {

; AZ . Ee*
8.Show that e* = £ e 'Aze"

Sol: Let f(x) = e*

We have Af(x) = f(x + h) — f(x); Ef(x) = f(x + h) = E(e*) = e*th
A?%(e*) = A(Ae*) = Ale*™ — e*] = Ale*(e — 1)]

= (e = 1DAe* = (e — 1D)[e*™h — e*] = e*(e" — 1)?

(A_2> eX = AZE—l(ex) — AZ(ex—h) — e—hAZ(ex) — e—h(eh — 1)Zex

E
3 AZ . Ee* B e—h(eh _ 1)Zexex+h L

R'H'S_<F>e Agx e*(eh — 1) =e*=LH.S
9.Find the values of (A’E~1)U,and (A*U,)(E~1U,)are they equal?
Sol: (AZE_l)Ux = AZE_l(Ux) = AZ(Ux—h) = AAUx-p) = AlUy_psn — Ux—pl
= A[Uy — Uy_p] = A(Uy) = A(Ux—p) = Uxyn — Ux = {Ux_psn — Ux_n}
= Uypsn — Ux = {Ux = Uy} = Uy — 2Ux + Uypy
o (BPE" DUy = Uy — 2Uy + Uyyy
AZUx = A(AUy) = AlUyyn — Uyl = AUxip — AUy = Uyynin = Uxsn = {Uxin = Ux} = Uxyan — 2Uxsn + Uy
“ AUy = Uyyon — 2Uyyp + Uy
E_l(Ux) = Uyx-n
(AzUx)(E_lux) = [Ux+2h - 2Ux+h + Ux]Ux—h

o~ (A’E~YU,and (A%U,)(E~1U,) are not equal
AZ
10. Evaluate F(x3)when h=1

A? E—1)? E?—-2E+1
Sol: F(x3) = —( E ) (x3) = ( = )(x3) =(E—-2+EYH(x®
=Ex®) -2 +E 1 (x)=(xx+1)3—-2x3+(x—1)3
=x3+3x2+3x+1—-2x3+x3—-3x2+3x—1
= 6x
11.Prove that u, = u,_; + Au,_5 + A%>u,_5 + -+ A" lu,_, + Au,_,




An En _ An
Sol: Consider u, — A™uy_,, = u, — A" - E""u, = (1 - ﬁ) U, = (E—") U,

En _An

= BB — Ay = B (o uy [A=E-1=1=E-4]
ET — AT xn_ n

— E—n( ) P ( )= n-1 n-2 2,n-3 n-1
E_A u, Ssince prymp X + yx +y°x +ty

= E " [E"N + AEMT? + AENTE 4 e+ AV uy,

=[E"'+ AE"2 + A2E73 + -+ AV IE My,

= E Yu, + AE?u, + A2E 3 Uy + -+ AV 1E My,

Uy — AUy = Uy + AUy y + AUy + -+ A T,
Uy = Upq + DUy + AUy g + -+ A Tuy o + Ay,

x x2 3

X

12.P.T u x + upx% + ugx3 + -+ = u, + Augy + ——— A%uy + -
1 2 3 1—x 1 (l_x)z 1 (1_x)3 1
Sol: uyx + uyx? 4+ uzx® + -+ = xEug + x?E?ug + x3E3uy + - = (XE + x2E? + x3E3 + -y,
xE xE

=xE(1 + xE + x?E? + x3E3 + - Juy = xE(1 — xE) tu, =

1—xEN T 1—x(+n)™

__XE__ ___ xE B2 PREEYY - NS 2443 4
=% = (1_x)[1_%] Uy = 1_x[ 1_x] Euy since (1—x)""=1+x+x"+x°+
—x1+xA+x2A2+ - = +x2A+x3A2+
T 1—x 1—x (1-—x)2 M= " (1—x)2 e (1-x)3 e
. 2 3 — X xz A x3 AZ
SUX F UXS + Uzx +---—1_xu1+(1_x)2 u1+m u;+ -

x(x+1 x(x+1)(x+2
13. P.Tu,,p, = u, + xAu,_4 + (T)Azun_z + ( 3)'( )A3un_3 +

x(x+1 x(x+1Dx+2
Sol:R.H.S = u, + xAu,_, + %Azun_z + ( 3)'( )A3un_3 + -
x(x+1 x(x+1D(x+2
= U, + xAE  u, + (T)AZE‘Zun + ( 3)'( )A3E‘3un + -
x(x+1 x(x+1D(x+2
= |1+ xAE™? +(T)A2E_Z + ( 3)|( )A?»E—s + o |y,
= [1=AE71 ] uy = [1 = (B = DE ™y = [1= (1 = E™)] ™y = E¥Up = Uysn
x(x+1 x(x+1D(x+2

S Uy = Up + XAU,_q + (—)Azun_2 + ( ) ) SUp_z + -

2! 3!

14.P.T Yx+n — nc1yx+n—1 + nczyx+n—2 — et (_1)nyx = Anyx
Sol: yyin — Ne, Vyx+n-1 T Ne,Yxin—2 — -+ =Dy,

=E"y, — nclEn_lyx + nczEn_Zyx — ot (_1)n3’x

= [E" = ne, EM L+ n B2 — o4 (= DMy, = (E — 1)y, = Ay,
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1. Construct a forward dif ference table from the following data and evaluate A*y,
X 0 1 2 3 4

y 1 15 | 22 | 31 | 46

Sol) Construct the difference table is given as follows

x y Ay A%y Ay Aty

0 1 \\
0.5

1 15 0.2 \\‘
0.7 0

2 2.2 0.2 0.4
0.9 0.4

3 3.1 0.6
1.5

4 4.6

From the table A*y, = 0.4

2.Construct a backward dif ference table from the following data and evaluate V*y,
x 10 20 30 40 50

y 1.0000 | 1.3010 | 1.4771 | 1.6021 | 1.6990
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Sol) Construct the difference table is given as follows

X y Vy Viy Viy Viy
10 | 1.0000
0.3010
20 | 1.3010 -0.1249
0.1761 0.0738
30 | 1.4771 -0.0511 -0.0508
0.1250 0.0230 |
40 | 1.6021 -0.0281 /
0.0969
50 | 1.6990 /

From the table V*y, = —0.0508
3.Find the missing term from the following data

X

0

1

2

3

4

y

1

3

9

?

81

Sol) Construct the difference table is given as follows

x y Ay A%y A3y Aty
0 1
2
1 3 4
6 a-19
2 9 a-15 124-4a
a-9 105-3a
3 a 90-2a
81-a
4 81
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Here are given 4 values out of 5values so we have A*y, =0= 124—4a=0=a = 12—4 =31

2 nd Method:

Here are given 4 values out of 5values so we have A*y, =0

Since A*y,=0= (E—1*y,=0= (E*—4E3 +6E? —4E + 1)y, =0

=y, —4y; +6y, —4y; +y,=0=81—-4y; +6(9) —-4(3)+1=0=> 124 -4y, =0 = y; = 31

4.Find the missing term from the following data
X 45 50 55 60

y 3.0 - 20 | 0.225

Sol) Construct the difference table is given as follows

X y Ay A%y A3y
45 3.0

a-3
50 a 5-2a

2-a 3a-8.775
55 2.0 a-3.775

-1.775

60 0.225

Here are given 3 values out of 4values so we have A3y, =0=3a—-8.775=0=a = 8;—75 = 2.925

5.Find the missing term from the following data
X 0 5 10 15

y 7 11 - 18




Sol) Construct the difference table is given as follows

x y Ay A%y A3y
0 7
4

5 11 a-15

a-11 44-3a
10 a 29-2a

18-a
15 18

Here are given 3 values out of 4values so we have A3y, =0=44—-3a=0=a =

13

6.Find the missing term from the following data

X

0

5

10

15

y

6

10

17

Sol) Construct the difference table is given as follows

x y Ay A%y Ay
0 6
4

5 10 a-14

a-10 41-3a
10 a 27-2a

17-a
15 17

¥ _ 147
3
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Here are given 3 values out of 4values so we have A3y, =0=41—-3a=0=a = 43—1 =13.7

7.Find the missing term from the following data
X 1 2 3 4 5 6 7

y 2 4 8 ? 32 64 128

Sol) Construct the difference table is given as follows

x y Ay A%y A3y Aty ASy A%y
1 2
2
2 4 2
4 a-14
3 8 a-12 66-4a
a-8 52-3a
4 a 40-2a 6a-92 10a-158
32-a 3a-40 322-20a
5 32 a 72-4a 164-10a
32 32-a
6 64 32
64
7 128
Here are given 6 values out of 7values so we have A%y, =0=322-20a=0=a = 22— 161

20

8. Find f(2) if f(-1D =2;f(0)=1;f(1) =0;f(3) = -1




Sol) Construct the difference table is given as follows

15

x y Ay A%y Ay Aty
-1 2
-1
0 1 0
-1 a+l
1 0 a+l -3-4a
a -2-3a
2 a -1-2a
-1l-a
3 -1

Here are given 4 values out of 5values so we have A*y, =0= -3 —-4a=0=a= _73

F@=—2

9. Ifu; =1; u3 =17; uy = 43; and us = 89 find the value of u,

Sol) Construct the difference table is given as follows

x u Au A%y Adu A*u
1 1
a-1
2 a 18-2a
17-a 3a-9
3 17 a+9 20-4a
26 11-a
4 43 20
46
5 89
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Here are given 4 values out of 5values so we have A*y, =0=20—4a=0=a=5
U, = 5

10. Find the missing term from the following data
X 0 1 2 3 4 5

y 0 - 8 15 - 35

Sol) Construct the difference table is given as follows

X y Ay A%y A3y Aty
0 0
a
1 a 8-2a
8-a 3a-9
2 8 a-1 -4a+b-12
7 -a+b-21
3 15 b-22 a-4b+93
b-15 72-3b
4 b 50-2b
35-b
5 35

Here are given 4 values out of 6values so we have A*y, =0= —4a+b—-12=0anda—4b+93 =0

Solving above equations we get
= —16a+4b—-48=0

= a—4b+ 93 =0addingwe get —15a+45=0=a =3
and from second equ3 —4b+93 =0= 4b =96 = b = 24
~y,=3andy, =24

Factorial function: The factorial function x™ is defined as x™ = x(x — h)(x — 2h) ...
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(x—(m—1h) forn=1,2,3..and x© is defined as 1.If the interval of differencing is 1 then
x™ = x(x —1)(x —2) ..(x — (n— 1)) Inparticular x® = x; x@ =x(x — 1); x® = x(x — 1)(x — 2)
1.Expreess f(x) = x* — 4x3 + 7x* + 3x — 6 in terms of the factorial notations
Sol:Let f(x) = x* —4x3+ 7x?> +3x — 6 = Ax® + Bx® + Cx@ + px® + E
By Synthetic division
1(1 4 7 3\-6=E

0 1-34

1=A 2 f(x0) =x@® 4+ 2x® +2x@) 4+ 7xW — 6x©
2.Expreess f(x) = x* — 5x3 + 3x + 4 in terms of the factorial notations
Sol:Let f(x) =x*—5x3+3x+4 =Ax® + Bx® + cx® + Dx® + E

By Synthetic division

1|1 50 3\4=E

0 1 -4 -4

211 -4 -4|\-1:D

0 2 -4

3|1 -2|-8=C
0 3

414A 1=B

Af() =x® + x® —8x@ — x4 4x©
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3.Find the function whose first differeces is 9x* + 11x + 5
Sol: Let f(x) be the required function
Given Af(x) =9x? + 11x+ 5 = Ax@® + Bx® + cx(©
By Synthetic division
1l9 11 |5=C
0 9
2|9|20=B

0

9=A
2 Af(x) = 9x@ 4+ 20x™ + 5% Intergration on both side

e e

flx) = 93— +20—+ 5xM + ¢ =3x® +10x@ +5xD + ¢

=3x(x—1D(x—-2)+10x(x—1)+5x+c=3x3+x?+x+c
4.Find the function whose first differeces is x3 + 4x* + 9x + 12
Sol: Let f(x) be the required function
Given Af(x) = x> +4x2+9x + 12 = Ax® + Bx@ + cxM + D
By Synthetic division
111 4 9 |12=D

0 15

2|15 [14 =C

0 2

1=A 7=B

2 Af(x) = x® + 7x@ + 14x® + 12 Intergration on both side

@ G MORENING

(2)
fO) ="+ 7=+ 14—+ 126D + ¢ ==+ 77—+ 7x® + 126D + ¢

3

= ix(x —1)(x—2)(x—3) +§x(x —Dx-2)+7x(x—1)+12x+ ¢

=i(x4—6x3+11x2—6x)+§(x3—3x2+2x)+7(x2—x)+12x+c
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4 3 2
= () (BT (CE -T2 e = T e B B
4 4 3 4 4 3 4 6 4 6

Interpolation with equal intervals

Suppose y = f(x) be a function and x takes the values a,a + h,a + 2h, ..., a + nh then y takes the
valuesf(a), f(a + h), f(a + 2h), ..., f(a + nh).

Interpolation: - The process of computing the values of the function inside range of the variables is called
interpolation.

Extrapolation: - The process of computing the values of the function outside range of the variables is called
extrapolation.

Newton’s forward interpolation with equal intervals: -If y = f(x) is a function and x takes the values a, a +
h,a + 2h, ...,a + nh then y takes the value f(a), f(a + h), f(a + 2h), ..., f(a + nh) then

£00) = £(@) + ubf(a) + u(u — )Azf( )+ u(u — 13)!(u— 2) N F(a) + -
u(u—l)...(u—(n—l)) " X — X
+ o A"f(a) where u= -

Proof) Define a polynomial f(x) = Ay + A (x —a) + A,(x —a)(x —a—h) + A;(x —a)(x —a — h)(x —
a—2h)+ +A,(x—a)(x—a—h)..(x—a—(n—1)h) - (1) where A, A4, ..., A, are constants

Putx = ain (1) we get f(a) = A4,
Putx = a+h in ()weget f(a+h) = Ao+ Ath = fla+h) = f(a) + Ath = Ay =~ [f(a+h) - f(@)]
= Ay = Af(a)

Putx =a+ 2h in (1) weget f(a+ 2h) = Ay + A, (2h) + A,(2h)(h)
= 2h?A, = f(a+ 2h) — f(a) — Zh—hAf(a)

=f(a+2h) — 2Af(a) — f(a)
=f(a+2h) = 2[f(a+h)— f(a)] - f(a)
=f(a+2h) = 2f(a+ h) + f(a) = A% f(a)

- A 2'h2 Azf(a)

Proceeding in this way by putting x = a + 3h, ...,a + nh we get A; = —A3f(a) ... ... A, = n;n A" f(a)

3'h3

Substituting the values of Ay, A4, A4, ..., A, in (1) we get
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O =f@+Y2a -+ - a)x—a-m) + -+ LD (x —a) . (x—a~ (n— Dh) - (2)

X0

Putu=x_T so that x = a + uh we get

Fla+uh) = f(a) +ubf(a) + L )Azf @+ 13)!@ =
uu—1) .. (u— (n - 1)
+ n!

£ (a) + -

A" f(a)
fla+uh) = f(a) +u.,Af (a) + uc,A*f(a) + uy, A%f(a) + -+ + u,, A" f(a)

(or)

u(uzj 1) A2y, + u(u — 13)!(u -2) Nyg 4t uu—-1)..(u—(n-1) i

Yx = Yo T+ uly, + Yo

n!
(or)
f(a+nh) = f(a) + n, Af(a) + n.,A*f(a) + -+ n. A" f(a)
Sol) fa+nh) =E"f(a) =(1+A)"f(a) (“E=14+4)
=[1+n,A+n,A0% + -+ n, A"]f(a) = f(a) + n,Af (@) +n.,A2f (@) + -+ + n,, A" f(a)

Newton’s backward interpolation with equal intervals: - If y = f(x) is a function and x takes the values
a,a + h,a + 2h, ...,a + nh then y takes the value f(a), f(a + h), f(a + 2h), ..., f (a + nh) then

f(x) = f(a+nh) +uVf(a+nh) + u(u; D V2f(a+nh) + wt 13)|(u *2)

uu+1)..(u+(n—-1))
+ n!

V3f(a +nh) + -

V'f(a+nh) where x =a+nh+uh

Proof) Define a polynomial f(x) = Ay + A;(x —a—nh) + A,(x —a—nh)(x—a— (n—1)h) + -+
A,(x—a—nh)(x—a—(n—1h)..(x—a—h) - (1) where A, A, ..., A,, are constants

Putx = a +nhin (1) we get f(a+ nh) = 4,
Putx =a+ (n—1)h in (1) weget f(a+ (n—1)h) = Ay + A;[a + (n — 1)h — a —nh] = A, — A, h
> Ah=A4y—fla+ (m—1Dh) = f(a+nh) - f(a+ (n—1)h) = Vf(a + nh)
= Ay = - Vf(a +nh)

Putx =a+ n—-2)h in(1) weget f(a+ (n—2)h) =A,+Ala+ (n—2)h—a—nh] +
AJa+ (n—2)h—a—nhlla+ (n—2)h—a— (n—1)h] = Ay + A;(=2h) + A,(—=2h)(—h)

= 2h%4, = f(a+ (n— 2)h) — f(a + nh) + 2Vf(a + nh) = V?f(a + nh)

~ A, = — V?f(a + nh) Proceeding in this way we get

2'h2
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Aj V3f(a + nh)

3'h3

Ap = — —_V"f(a+ nh)

Substitute these values in (1) we get

u(u+1) u(u+ 1)(u+2)

f(x) = f(a+nh) + uVf(a + nh) + -

uu+1)..(u+(n-1)
* n!

V2f(a +nh) + T

V3f(a+nh)+ -

V*f(a+nh) where x =a+nh+uh

Note: - This formula is particularly useful for interpolating the values of f(x) near to the end of the set of given

values.

1.Compute f(1.1)from the following data

X 1 2 3 4 5
y 7 12 29 64 123
Sol) Construct the difference table is given as follows
x y Ay A%y A3y Aty
1 7 \\
5 \\
2 12 12 T
17 6
3 29 18 0
35 6
4 64 24
59
5 123
Herea=1h=1,x =1.1then u:x;a: 1'11_1= 0.1

By Newton's forward interpolation formula is

f(x) = f(a) + uAf(a) + ( )Azf( )+ u(u — 13)!(u ~2)

£ (a) +
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(0.1)(0.1 - 1) 0.1(0.1 -1)(0.1 —2)

= £(1.1) = f(1) + 0.1Af(1) + > A2F(1) + 5 A3F(1) + 0
= 7+01(5)+ (0'1)((;'1 — U (12) + 01(01 - 2)(0'1 —2) (6)+0=7+05—054+0171 = 7.131

2.Compute y(1.6)from the following data

X 1 1.4 1.8 2.2
y 3.49 4.82 5.96 6.5
Sol) Construct the difference table is given as follows
X y Ay A%y A3y
133 | ]
\
1.4 4.82 -0.19
1.14 -0.41
1.8 5.96 -0.6
0.54
2.2 6.5
Herea=1h=04,x=16then u=-—%=10"1_,¢
ere a = = V.4 X = 1. en u = h, = 0.4 = 1.

By Newton's forward interpolation formula is

£ = f@ + usf@ + P pep e + TR gy 4

(1.5)(;.!5 -1) AF(1) + 1.5(1.5 - ;!)(1.5 -2)

= 3.49 + 1.5(1.33) + (1'5)(12'5 ) (—=0.19) + 1.5(1.5 ~ 2)(1-5 ~2)

= £(1.6) = f(1) + 1.5Af(1) + A3f(1)

(—-0.41)

= 3.49 +1.995 - 0.07125 + 0.025625 = 5.439375 = 5.4394

3.Find tan(0.17) from the following data

X 0.10 0.15 0.20 0.25 0.30 Ans:

y = tanx 0.1003 | 0.1511 | 0.2027 | 0.2553 | 0.3093
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4.The population of a country in the decimal census were as under. Estimate the

population for the year 1925 from the following data

Year(x) 1891 | 1901 | 1911 | 1921 | 1931

Pop(y in thousand) 46 66 81 93 101

Sol) Construct the difference table is given as follows

x y Vy Viy Viy Viy
1891 46
20
1901 66 -5
15 2
1911 81 -3 -3

12 -1
1921 93 -4 //

1931 101 /

x—a 1925-1931

Herea = 1931 h=10,x = 1925 then u = = =—-0.6

h 10

By Newton's Backward interpolation formula is

( 1) u(u+1)(u+2)

f) =f(a) +uVf(a@) + ——V*f(a) + 3 V3f(a) + -
(=0.6)(=0.6 + 1)

= £(1925) = £(1931) — 0.6Vf(1931) + . V2£(1931)

| ~06(-06 +3!1)(—O.6 +2) v F(1931) + —0.6(—0.6 + 1)(—40!.6 +2)(—=0.6 +3)

=101 - 0.6(8) + (_0'6)(20'6 tD (-4)

V4£(1931)




4 —0.6(—0.6 +1)(—0.6 + 2)

6

-+

24

—0.6(—0.6 + 1)(—0.6 + 2)(—0.6 + 3)

=101—-4.8+0.48 + 0.1008 = 96.8368

24

Hence, the population for 1925 is 96.84 thousand

5.Using Newton's backward formula find f(0.7) from the following data.

X 0.1 0.2 0.3 0.4 0.5 0.6
y 2.68 3.04 3.38 3.68 3.96 4.21
Sol) Construct the difference table is given as follows
x y Vy Viy Viy Viy Voy
0.1 2.68
0.36
0.2 3.04 -0.02
0.34 -0.02
0.3 3.38 -0.04 0.04
0.30 0.02 -0.07
0.4 3.68 -0.02 -0.03
0.28 -0.01 P
05 | 3.9 -0.03 /
0.25
06 | 4.21 /

Herea=0.6 h=0.1,x = 0.7 then u =

x—a 0.7-0.6
= :1

h

By Newton's Backward interpolation formula is

f(x)=f(a) +uvf(a) + Tvzf(a) +

= £(0.7) = £(0.6) + 1Vf(0.6) +

u(u

+1)

%vz £(0.6) +

u(u+1)(u+2)

0.1

1)

3!

11+1)(1+2)

V3f(a) +-

3!

(-3)

V3£(0.6)
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11+1D)A+2)A+3)(1+4)
5!

s 11+ 1)1 +2)(1+3)

2 V4£(0.6) +

V5£(0.6)

—421+1(025)+Q( 0.03) +— ( 001)+—( 003)+170( 0.07)

=4.21+0.25—-0.03—-0.01 —0.03—-0.07 = 4.32
Hence, f(0.7) = 4.32

6.From the following table, find the number of students who obtain less than 45 marks

Marks(x) 30-40 | 40-50 | 50-60 | 60-70 | 70-80

No.of students(y) 31 42 51 35 31

Sol) Construct the difference table is given as follows
Marksless | No.of Ay A%y A3y Aty

than x students y

40 31

\
42 \
50 73 9 \

51 25 [T
60 124 -16 37
35 12
70 159 -4
31
80 190
Herea =40 h=10,x = 45 then u:x—a:45—40:i: 0.5

h 10 10

By Newton's Forward interpolation formula is

f(x) = f(a) + unf(a) + ( )Azf( " u(u—13)!(u_2)

£ (a) + -

(0.5)(0.5—-1)
2!

= f(45) = f(40) + 0.5Af(40) + A?f(40)
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N 0.5(0.5 — 3%!)(0.5 -2) A*F(40) + 0.5(0.5 — 1)(0:; —2)(0.5—3) A% £(40)
314 05(42) + (0.5)((;.5 -1) 9+ 0.5(0.5 — 2)(0.5 —-2) (—25) 1 0.5(0.5 — 1)(02.i— 2)(0.5—3) 7

=31+21—-1.125—-1.563 —1.445 = 47.867 = 48
Hence, the number of the students who obtain less than 45 marks is 48

7.Find the cubic polynomial from the following data

X 0 1 2 3 Ans: f(x) =x3—2x2+1

y = f(x) 1 0 1 10

8.Find the cubic polynomial from the following data

x 0 1 2 3

y=f(x) 1 2 1 10

Sol) Construct the difference table is given as follows

x y Ay A%y A%y
0 1 \\

1 \\
1 2 -2

-1 12
2 1 10

9
3 10

Herea=0h=1,and u=x;a=x;0=x

By Newton's forward interpolation formula is

-1 -2
£ = f@ +usf@ + D) + VT gy 4.

x(x—1)(x—2)
3!

— 1) = O + 2@ + D w2p(0) +

A°£(0)
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- 1+x.1+@(_2)+x(x—12(x—2)

(12)

=1l+x—x(x—D+2x(x—1Dx—-2)=1+x—x%+x+2x3—2x% —4x% + 4x
= 2x3 — 7x% + 6x + 1 which is the required polynomial

9.Find the cubic polynomial passes through (0,1),(1,3),(2,7)and (3,13)

X 0 1 2 3

y = f(x) 1 3 7 13

Sol) Construct the difference table is given as follows

X y Ay A%y A3y
2 \
~—a
1 3 2
4 0
2 7 2
6
3 13

x—a x-—0
Herea=0h=1,and u= . = 1 =x

By Newton's forward interpolation formula is

FG) = f@ +usf@ + P prpa) + TV gy 4.
= £00 = £(0) + x0f () + D pp(0) 4+ T DEZD g
=1+x2+ —x(xz_ Do)+ x(x = 12(36 —2) (o)

=14+2x+x(x—1)=1+2x+x%—x
= x%2 + x + 1 which is the required polynomial

10.Compute f(1.02)from the following data
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y 0.841 | 0.891 | 0.932 | 0.964 | 0.985

Sol) Construct the difference table is given as follows

X y Ay A%y A3y Aty
1| 0841
\

11| 0.891 -0.009 T
0.041 0

12| 0.932 -0.009 -0.002
0.032 -0.002

13| 0.964 -0.011
0.021

1.4 | 0.985

x—a_1.02—1_

Herea=1h=0.1,x =1.02 then u = PEai—

By Newton's forward interpolation formula is

fG) = fa) +usf(a) + ( — )Azf( il 13)!(“‘ Z)Asf(a) .

) f(l.OZ) — f(l) + O.ZAf(l) + (0-2)((2)-!2 - 1) Azf(l) n 0.2(0.2 —;!)(0-2 - 2)
N 0.2(0.2 - 1)(0;}2! —-2)(0.2-3) A (D)

= 0.841 + 0.2(0.05) + (0.2)((;.2 - 1) (~0.009) + 0.2(0.2 — 2)(0.2 -2) ©
N 0.2(0.2 — 1)(02.3L —2)(02-3) (~0.002)

= 0.841+ 0.01 + 0.00072 + 0.0000672 = 0.8517 = 0.852

A f(1)
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2. Interpolation with Equal and Unequal intervals

Gauss’s forward interpolation formula with equal intervals: - If y = f(x) is a function, which takes the

values ... y_,,V_1, Vo, V1, Y2 -.. COrresponding to the values of x = ---xy — 2h, xo — h, xo, Xo + h, xo + 2h, ...
then
u(u—1) uu—1w+1) uu—Du+1D)w-2)
Yx = Yo+ ubyo + ———A%; + T Ay, + 2 Aty_p + -
Where y = =22

Proof) The Newton’s forward interpolation formula is given by

-1 —D(u-2 — 1D (u—2)(u-3
u(uz! )A2y0+u(u 3)!(u )A3y0+u(u )(u4! )@=3)

Yx = Yo + uly, + Yo+ = (1)

We know A2y, — A?y_; = A3y_; = A%y, = A%y_; + A3y_,
Similarly, A3y, = A3y_; + A*y_;, A*y, = A*y_; + ASy_,, ... etc.
Also A3y_, = A3y_, + A*y_,, A*y_; = A*y_, + ASy_,, ...etc.
Substituting the values of A%y,, A3y,, A*yy, ....in (1) we get,

u(u—1) uu—1Dw—-2)
Ve = Yo +ubyy +——— (8% + A%y ) + 30

N u(u — i)(u —2)(u—3)

(A%y_, + A*y_y)

(Mt + 85y + -

4!
(u-1) (u-1)(u+1) (u—-1)(u-2)(u+1)
= Yo + uly, + A2y + M A3y 4 HEEDEEREED Aty
u(u—1 u(u—Du+1 uu—1Dwuw-2)(u+1)
= Yo + uly, + (T)Azy_l + A 3),( )A3y_1 + X 2 X (A*y_p + D%y _5) + -
u(u—1 uu—1Du+1 uu—1Dwuw+Du—-2
Vx :}’0+U—A}’0+¥A23’—1+ ( X )A3y_1+ ( ) X )A4Y—2+"‘

2! 3! 4!

Gauss’s backward interpolation formula for equal intervals: - If y = f(x) is a function, which takes the

values ... Y_5,Y_1, Yo, V1, Y2 --- COrresponding to the values of x = ---xy — 2h, xy — h, xo, xo + h,x¢ + 2h, ...
then
u(u+1) uu+1Du—-1) utu+ D —-1)(u+2)
Ve = Yot uby g +———A% 4 + T Ay, + 2 Ay,
Where y = =22

Proof) The Newton’s forward interpolation formula is given by
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u(u—1) u(u—l)(u—Z)ABy +u(u—1)(u—2)(u—3)A4

Yx = Yo + uldy, + ol A%y, + 30 0 4l Yo+ = (1)

We have Ay, —Ay_y =A%y = Ayy = Ay + A%y 4, APyo =A%y + A%, Ay, =A%y, +
A4y_1, A4y0 - A4y_1 + Asy_l ....etc

Also A3y_; = A3y _, +A*y_,  A*y_, =A*y_, + A%y, ....etc

Substituting all these values in (1) we get

u(u—1) u(u—1)(u—-2)
Yo = Yo +uldy_y + A%y_4) + T(AZY—1 +4% ) + 31 (D%y_y + A%y )
uu—1Dw—-2)(u-3
(ODEDED) s

u(u+1 u+ Du(u—1 u+ Du(u—1)(u—2
Y = Yo +uby_, +%A2y_1 + )3,( )A3y-1 4wt Dul 1 X )A“y_l + o

u(u+1) (u+Du(u—-1) u+DuCu—-1Dwu-2)
Yx = Yot uby s +——r—A% 4 + T D%y + A%y ) + 2 (A*y_,

+ A5y ) + -

u(u+1 u(u+1)(u-—-1 u(u+Dwuw—-1Du+2
(2| )Azy_1+ ( 3)'( )Ag,y_ZJr ( )( - )( )A4y_2

Yx = Yo tuldy_; +

Sterling’s formula: - If y = f(x) is a function, which takes the values ... y_5, V_1, Yo, V1, V> -.. COrresponding
2
to the values of x = ---xy — 2h, xy — h, xo, Xo + h,xy + 2h, ... then y, = y, + %(Ayo +Ay_,) + u?Azy_l +

u(u?-1) [A3y_1+A3y_2] n u?(u?-1) A4
3! 2 4!

y_z + ces
Proof) Taking the average of Gauss’s forward and backward formula is called as sterling’s formula.

We have Gauss’s forward formula is

u(u—1) ufu—1Dw+1)

- Ay + ) u(u—l)(u+1)(u—2)A4

3
ACy_, + 41

Yx = Yo + uly, + Yo+ = (1)

Also, Gauss’s backward formula is

u(u+1) A2 N uu+1Dw—-1)

uu+Duw—-1)(u+2) .
21 Y1 31 A

3
Ay, + 41

Yx = Yo +tuldy_; + Y2t (2)

Taking the average of (1) and (2), we get

(Yo + ¥o) Ayy +Ay_11 , Ay_qJulu—1) +u(u+1) u(u— 1D+ D] A%y, + A%,
=T +”[ 2 ]+ 2! [ 2 l+l 31 l( 2 >+

u u
— _ 2
Ve = Yo + > (Ayo + Ay_q) + > Ay _; + 3 > 0

2 u(u? —1)[A3y_, + A3y_ w(u? -1
( )[ V-1 YZI_I_ ( )A4y_2+--~
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Bessel’s formula: - If y = f(x) is a function, which takes the values ... y_,, ¥_1, Yo, ¥1, Y ... COrresponding to
_ Yot

the values of x = ---xy, — 2h, xy — h, xo, xo + h,xy + 2h, ...then y, = ot (u — %) Ay, +

w(u-1) (Azy_lmzyo) L (g o

u(u+1)(u—-1)(u-2) (A*y_,+A*y_,
2! 2 Y1t ( ) to

3! 4! 2
Proof) Gauss’s forward formula is given by

u(uzT 1) Ay u(u — 13)'(u +1) Ay + u(u — 1)(u4—:— D(u-—2) A

Yx = Yo + uly, + Y2+ > (1)

Also, Gauss’s backward formula is

u(u2-||- 1) Ay 4 u(u + 13)'(u -1) Ny, + u(u + 1)(u47 D (u+2) At

Yx = Yo +uldy_; + Yozt (2)

Starts with y; and replace u by u — 1 and runs parallel to the Gauss’s backward formula, we get

u(u—-1) u(u—1(u-2)
TG 31

u(u—Duw-2)(u+1) A4

Ny _, + o V-1

Ve =y1 + (W —1)Ay, + + -+ (3)

Taking the average of (1) and (3) we get

_ Yot¥1 1 u(u—1) (A2y_1+A%y, u(u—l)(u—%) 3 u(u+1)(u—-1)(u-2) (A*y_,+A%*y_;
xT +(u—E)Ay0+ 21 ( 2 )+ 3! A%y-1+ 41 ( 2 )+

1.Using Gauss forward formula find f(3.75)from the following data.

X 2.5 3.0 3.5 4.0 4.5 5.0

y 24.145 | 22.043 | 20.225 | 18.644 | 17.262 | 16.047

Sol:Taking the originat x = 3.5i.exy, =3.5; x =3.75; h=0.5
_x—Xx9 375—35 025
YT T T 05 T 05

0.5
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Construct the difference table is given as follows

x u="> ;"0 Yu Ay, Ny, | By, | Ay | Ay,
2.5 -2 24.145
-2.102
3.0 -1 22.043 0.284
‘——‘ -1.818 -0.047
35|—1T— 0 20.225 N3 > 0.237\\A P4 0.009 >
-1.581 -0.038 -0.003
4.0 1 0.199 0.006
18.644
-1.382 -0.032
4.5 2 0.167
17.262
-1.215
5.0 3
16.047
_ u(u—-1) ufu—1Du+1)
The Gauss forward formulais y, =y, + uly, + TAZy_l + 30 Ady_,
u(u—1u+1)(u-2 u(u—1D)u+1)(u—-2)(u+2
N ( )( )( )A4y_2 N ( )( )( )( )A5y_2
4! 5!
0.5(—-0.5 0.5(-=0.5)(1.5
= 20.225 + 0.5(—1.581) + (T)(0.237) + ( c )(1.5) (—0.038)
0.5(—0.5)(1.5)(—1.5 0.5(—0.5)(1.5)(-1.5)(2.5
N (—0.5)(1.5)( )(0.009)+ (—0.5)(1.5)(=1.5)( )(_0.003)

24 120

= 20.225 — 0.7905 — 0.029625 + 0.00238 + 0.002109375 + 0.0002106 = 19.40 approximately
2.Use Gauss'sforward formula to find y;, given that y,; = 18.4708; y,; = 17.8144;
Y29 = 17.1070; y33 = 16.3432; y3; = 15.5154
Sol:Taking the originat x = 29i.exy, =29; x =30; h=4

_x—x 30—29 1

u= P 2 —Z=O.25
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Construct the difference table is given as follows

x y =X %o Yu Ay, Ny, | Dy, | Ay,
h
21 -2 18.4708
-0.6554
25 -1 17.8144 -0.0510
“—‘ -0.7074 -0.0054
29 — 0 17.1070\£A /"'0'0564\\ /r0-0022
-0.7638 -0.0076
33 1 -0.0640
16.3432
-0.8278
37 2
15.5154
_ u(u—-1) ufu—1Du+1)
The Gauss forward formulais y, =y, + uly, + TAZy_l + 30 Ady_,
u(u—1u+1)(u-2
LR DE D)
4!
0.25(0.25 -1 0.25(0.25—-1)(0.25+1
Y30 = 17.1070 + 0.25(—0.7638) + ( > ) (—0.0564) + ( c it ) (—0.0076)
0.25(0.25-1)(0.25+ 1)(0.25 -2
, 025( )( ) ) 0.0022)

24
=17.1070 — 0.19095 + 0.0052875 + 0.0002968 — 0.0000375 = 16.9216 approximately

3.Use Gauss'sforward formula to find y;, given that y,5 = 0.2707; y3, = 0.3027;
y35 = 0.3386; y,0 = 0.3794

Sol:Taking the originat x =30i.ex, =30; x=32; h=5

_x—x0_32—30_2_04
Y= T 5 Ts5°
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Construct the difference table is given as follows

x y =X %o Yu Ay, Ny, | Ay,
h
25 -1 0.2707
’———‘ 0.032
F
30 ——» 0 0.3027 ~, P 0.0039~
0.0359 0.001
35 1 0.3386 0.0049
0.0408
40 2
0.3794
) u(u—1) ufu—1Du+1)
The Gauss forward formulais y, = y, + uly, + TAzy_l + 30 A3
u(u—1)u+1)(u-2
L DEE D)
4!
0.4(04 -1 04(04-1)(04+1
Y32 = 0.3027 + 0.4(0.0359) + % (0.0039) + ( 6)( ) (0.001)

= 0.3027 + 0.01436 — 0.000468 — 0.000056 = 0.3167 approximately

4.Using Gauss forward formula find e'''” from the following data.

x 1.00 1.05 1.10 1.15 1.20 1.25

y=¢e* 2.7183 | 2.8577 | 3.0042 | 3.1582 | 3.3201 | 3.4903

Sol:Taking the originat x = 1.15i.e x, = 1.15; x =1.17; h=0.05
_X—Xo 1.17 —1.15 _0.02 _ o4
ST T T 005 005

V-1
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Construct the difference table is given as follows

x y = X %o Yu Ay, Ny, | By, | Ay,
h
1.00 -3 2.7183
0.1394
1.05 -2 2.8577 0.0071
0.1465 0.0004
1.10 -1 3.0042 0.0075 0
0.1540 0.0004
1150, 0 ‘ F 0.0079 0
‘3.1582 q 7 T, 7
~~0.1619 0.0004
1.20 1 0.0083
3.3201
0.1702
1.25 2
3.4903
_ u(u—1) uu—1Dw+1)
The Gauss forward formulais y, =y, + uly, + TAZy_l + 30 Ady_,

N u(u — 1)(u4—||— D(u—-2) My, + uu—1Du+ 15)'(u -2)(u+2) Ay,

0.4(0.4—-1) 0.4(04—-1)(04+1)

= 3.1582 + 0.4(0.1619) + # (0.0079) + 6 (0.0004) + 0

= 3.1582 + 0.06476 — 0.000948 — 0.0000224 = 3.2221 approximately
5.Use Gauss's backward formula to find V12516; given that v12500 = 111.803399;

v12510 = 111.848111; V12520 = 111.892806; V12530 = 111.937483

Sol:Taking the origin at x = 12520i.e x, = 12520; x = 12516; h =10

_x—x_12516-12520 —4 _
Y=—"p - 10 10
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Construct the difference table is given as follows

x u=r"% Yu Ay, Ay, Ay,
h
12500 -2 111.803399
0.044712
12510 -1 111.848111 -0.000017
— = 0.044695 | -0.000001
B Na
12520 —— 0 111.8928(% 0.000018 1+
0.044677
12530 1
111.937483
) u(u+1) ufu—1Dw+1)
The Gauss backward formula is y, =y, + udy_, + TAzy_l + 3 A3
—-0.4(—04+1)
V12516 = 111.892806 + (—0.4)(0.044695) + 5 (—0.000018)
—04(-04-1)(-04+1
+ ( c ) ) (—0.000001)

=111.892806 — 0.017878 + 0.000002 — 0.000000056 = 111.874930 approximately

6.Using Striling's formula find f(1.22) from the following data.

x 1.0 1.1 1.2 1.3 1.4

y 0.841 | 0.891 | 0.932 | 0.963 | 0.985

Sol:Taking the originat x = 1.2i.exy, =1.2; x =1.22; h=0.1
_X—Xo 1.22—-1.2 _0.02_02
YT T T 01 T o T

V-2
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Construct the difference table is given as follows

x u="> ;"0 Yu Ay, Ny, | Dy, | Ay,
1.0 -2 0.841
0.050
1.1 -1 0.891 -0.009
“‘/l//v 0.041\ P -0.001 "
12 — 0 0982 ¢ v 0.010~ _w 0.002
0.031 0.001
13 1 -0.009
0.963
0.022
1.4 2
0.985

u u? u(u® — 1) [A%y_; + A3y_
The Striling formulaisy, =y, +§(Ay0 +Ay_,) +7A2y_1 + ( T )[ V-1 . y 2]
u2(u? — 1)
_— 4 e
T At
0.2 0.2)? 0.2)((0.2)2 — 1) [—0.001 + 0.001
= 0932 + 7(0.031 + 0.041) + ( 2) (—0.010) + (0.2)(( - ) ) . ]

(0.2)2((0.2)> - 1)
+

0.002

= 0.932 + 0.0072 — 0.002 + 0.00002 = 0.93718 ~ 0.937 approximately
« £(1.22) = 0.937

7.Using Striling's formula find f(1.91)from the following data.

x 1.7 1.8 1.9 2.0 2.1 2.2

y =e* | 54739 | 6.0496 | 6.6859 | 7.3891 | 8.1662 | 9.0250

Sol:Taking the originat x =19i.ex, =19; x =191; h=0.1
_X—Xo 1.91—1.9_0.01_01
YT T 01 T o
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Construct the difference table is given as follows

x u="> ;XO Yu Ay, Ny, | By, | A%y, | Ay,
17 -2 5.4739
0.5757
1.8 -1 6.0486 0.0606
‘——L/, 06363\ y 00063\
19— 0 6.6859 ¢ w0066 w0.0007
0.7032 0.0070
2.0 1 0.0739 0.0008 | 0.0001
7.3891
0.7771 0.0078
2.1 2 0.0817
8.1662
0.8588
2.2 3
9.0250

u u? u(u? — 1) [A3y_, + A3y_
The Striling formulaisy, =y, +§(A)’o +Ay_,) +7A2y_1 + ( T )[ V-1 . Y 2]
w2(u? - 1)
- 4 e
T At
0.1 0.1)? 0.1)((0.1)> — 1) 0.007 4 0.0063
= 6.6859 + 7(0.7032 + 0.6363) + ( 2) (0.669) + (0.1)(( . ) ) [ : ]

(0.1)2((0.1)? — 1)
* 24

(0.0007)

= 6.6859 + 0.06975 + 0.0003345 — 0.000109725 — 0.0000002875 = 6.753099486
~ 6.7531 approximately

~ £(1.91) = 6.7531
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8.Using Striling's formula find f(25) from the following data.

x 10 20 30 40

y 1.1 2 44 | 79

Sol:Taking the originat x = 20i.e x, = 20; x =25; h=10
x—Xy 25—20 5

u= A = 10 = 1—0 = 0.5
Construct the difference table is given as follows
X u= X _hxo Yu Ayy A%y, A%y,
10 -1 1.1
//v 0.9 \‘ P
20— 0 \ 2 L\A _w» 15 L
2.4 -0.4
30 1 4.4 1.1
3.5
40 2
7.9
u u? u(u? — 1) [A3y_, + A3y_
The Striling formulaisy, =y, + E(Ayo +Ay_4) +7A2y_1 + ( 3 ) [ Y1 > 4 2]

u?(u? -1
+¥A4

4| y_z + e

(0.5)? (0.5)((0.5)% — 1) [—0.4 + 0]
2

0.5
—2+7(0.9+2.4)+ > (1.5 + 6

=2+ 0.825+ 0.1875 + 0.0125 = 3.025 approximately

~ f(25) = 3.025

9.Using Striling's formula find y35 from y,o = 512; y39 = 439; y40 = 346; y59 = 243
Sol:Taking the originat x = 30i.e x, = 30; x =35; h=10

_x—xp 35—-30 5

u = A 10 —E:O.S
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Construct the difference table is given as follows

x u="> _h"o Yu Ay, Ny, | Ay,
20 -1 512
Wl 13 N\ P
30 —> 0 439 -20
~o —7 ~L

-93 10
40 1 346 -10

-103
50 2

243

u u
The Striling formulaisy, =y, + > (Ayy + Ay_1) + 7A2y_1 +

uwr(u? -1
+¥A4

4!

0.5
=439+ —(-93-73)

< Y35 = 395

Yo+

(0.5)2
2

2

u(u? — 1) [A3y_; + A3y_,
3! 2

(-20) =439 —-415-2.5=395

10.Using Bessel's formula find y,s from y,, = 2854; y,, = 3162; y,g = 3544; y3, = 3992

Sol:Taking the originat x = 24i.exy = 24; x =25; h=4

u =

_Xx—Xxg 25—-24

h

4

1—025
=2=0
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Construct the difference table is given as follows

x y =X %o Yu Ay, Ny, | Ay,
h
20 -1 2854
’———‘ 308
24 +—» 162 74
0 316 ~L P £
P 382 P
28 1 3544 66
448
32 2
3992

The Bessel's formula is

- — 3
Va 2 U 21 2 31 Ay

1
+ 1 ulu—1) (A%y_, + A? uu—1(u—5
_ Yo y1+( z)Ay°+ ( )( Y-1 yO>+ (x-3)

+u(u + 1)(u4|— D(u-2) <A4y_2 ;A4y_1> 4.

—1[3162+3544]+(1 1)382+1(1 1)(74+66)+(1 1)
2 4 2 4 \4 4 4 2

G-1)(-5)

e

= 3353 — 95.5 — 6.5625 — 0.0625 = 3250.875
“ Yy5 = 3250.875

11.Using Gauss backward's formula find f(1976)from the following data.

Year: x 1940 | 1950 | 1960 | 1970 | 1980 | 1990 | Ans: f(1976)=34.4lakhs

Sales in lakhs:y 17 20 27 32 36 38

12.Use stirling’'sformula to find polynomial from the data

X 1 2 3 4 5 AN f(x)=1+2(x—3)2+2(x -
y 1 1 1 1 1| 3)*(x—3)—1]
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Interpolation with unequal intervals

Explain divided differences and write its properties

Divided differences: -The differences defined by taking into consideration the change in the values of
arguments is called as divided differences

In this explicit function y = f(x) where x € [x, x,,], consider the argument x,, x4, x5, ..., X, are
unequal differences i.e.x; — xg,xy — X4, ..., Xp, — Xn—1 Need not be equal. Now the corresponding entries are

f( xO)!f( x1)»f(x2)» ,f(xn)

[(x)=/C0) s called the first divided differences and it is denoted by f(xq,x1) or A f(x0)

X1—X
1—Xo X1

f(xg,x1) = f(szl):ico(XO) = )ZCE f (o)
_f(xz) —f(x1)
fla) = =2 = A S

flp_1,%,) = o)~ Fin-a) A f(x,—1) are called first divided differences.

Xn—Xn-1 Xn
The differences of first divided differences are called second divided differences

Fooxnxy) = LRI @02 oy

X2 = Xo X1,X2

fx1,%,x3) = flxax3) = 10, x2) = 432 f(x1)

X3 =X X2,X3

f o, xy i) = La22 ) TC0Xdnes) A2 £y This is nt® divided differences

*n=%o X1Xz, . Xn
Properties: -1. The divided differences are symmetric i.e. f(xo, x1) = f (x4, x0)
f(xo,x1,x5) = f(xq,x0,x3) = f(xq,%5,x0) = -+
2. Divided differences operator is linear i.e. A [k1fi (x) + ko f, ()] = ks Afi(x) + k, A (%)
3. The nt" order divided differences of a polynomial of degree ‘n’ are constants.

Newton’s divided difference formula: - If y = f(x) isa function, and f(x,), f(x1), f(x3), ..., f(x,) are the
entries corresponding to the arguments x,, x4, x5, ..., X, are not equally spaced, then  f(x) = f(x,) +
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(x = x0)f (xg, x1) + (x — x0) (x — x1) f (0, X1, X2) + (x — x0) (x — x1) (x — x2) f (%0, X1, X2, X3) + -+ +
(x —x0)(x —x1) oo (x — X9 1) f (X0, X1, oo X))

Proof) Let f(xq), f(x1), f(x3), ... f( xy,) be the entries corresponding to the arguments x,, X1, X3, ..., X, are not
equally spaced. We know that the first divided differences of f(x) is

f(x,x0) =%£O(XO)=>JC(X) = f(xo) + (x — x0) f(x,x9) = (1)

Next f(x, xg,%x1) = [oexo) =/ (oxs) flx,x0) = fxg,x0) + (x — x) f(x, x0, 1) = (2)

Now substitute (2) in (1) we get
f(x) = fxo) + (x — x0) [f (x0,%1) + (x — x1) f (%, X0, X1)]

= f(xo) + (x — x0) f (x0,x1) + (x — x0) (x — x1) f (x, X0, 1) = (3)

f(xx,x1)—f (x0,%1,%2)
X—X2

Again f(x,xg,xq1,x,) = = f(x,x0,%1) = f(x0,x1,%2) + (x — x3) f (%, X0, X1, X2) = (4)

Now substitute (4) in (3) we get

f(x) = flxo) + (x — x0)f (g, x1) + (x — x0) (x — x1) f(x0,%1,%2) + (x — x0) (x — x1) (x
—x3) f(x, %0, %1, x3)

Proceeding in the same way we get  f(x) = f(xg) + (x — x¢) f(xg, x1) + (x — x0) (x — x1) f (xg, %1, x2) +
(x —x0) (x — x1) (x — x3) f (X0, X1, X2, X3) + -+ + (x — x0) (x — x1) . (X — x1) f (X0, X1, . X7)

Lagrange’s interpolation formula: -- If y = f(x) is a function, and f( x,), f(x), f(x3), ..., f( x;,) are the
entries corresponding to the arguments x,, x4, x5, ..., X,, are not equally spaced, then

_ _Grx) (x=xg).(x=xn) (x=%0) (x=X2) ..(x =) g Gemx) ()=o)
f(x) N (xo—x1)(xo—xz)---(xo—xn)f(xo) + (x1—x0)(x1—xz)---(x1—xn)f(xl) toed (xn=x0) (xn—x1) ...Cxn—xn-1) f(xn)
Proof) Let f(xq), f(x1), f(x3), ... f( x5,) be the entries corresponding to the arguments x,, x4, X3, ..., X,, are not
equally spaced. Define a polynomial f(x) = (x — x1)(x — x3) ... (x — x,) A + (x — x0) (x — x3) ... (x —
X )AL+ (0 —x0)(x —x) (0 — x3) oo (x — xp) Az + -+ (x — x0) (x — x1) ... (x — x_1)A, = (1) Where
Ay, A1, 4,, ... A,  are constants.

f(x0)

PUt X = xO in (1) we get f(xo) = (xo - xl)(xo - xz) . (xo - xn)AO = AO = (xo—%1) (Xo—%2) . (Xo—%n)

f(x1)

(x1=x0) (x1—x2)..(x1—xp)

Put x = x; in (1) we get f(x;) = (x; — x0) (g —x3) oo (X —x)A; = Ay =

f(x2)

(x2=x0) (x2—x1)..(x2—xp)

Put x = x, in (1) we get f(x;) = (xy — x0) (X3 — x1) ... (X3 —x)A; 2 A, =

Proceeding in this way we get= A4,, = ——— f(;’;) T——
n—+0 n-—A1). n-—tn-1

Substitute all these values in (1) we get
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f(X)= (x=x1)(x=x3)..(x—xn) f(xo)+ (x=x9) (x—x3)..(Xx=xn) f(x1)++ (x=x0)(x=x1)--(x—Xn—1) f(xn)

(xo—x1)(xo—x2)...(x0—2xn) (x1=x0)(x1—x2) -.(X1—%xp) (xn—x0) (xn=x1)--(Xn—=Xn-1)

Inverse interpolation: -Let y = f(x) be an unknown function of independent variable ‘x’ .Suppose (xg, Vo),
(1, v1), (X2, V2), ey (X4, V1), v, (X, V) are given set of tabulated values satisfying y = f(x)

The process of finding the values of the argument ‘x’ corresponding to a given values of the
function y lying between two tabulated values y; where i = 1,2,3,...n with the help of the given set of
observations x; where i = 1,2,3,...n is known as “inverse interpolation”.

1.Show that 1 st divided dif ference is symmatric

f(x1) = f(x0) =f(xo)—f(x1)

X1 — Xg Xo—Xq

Sol: f(xg,%x1) = = f(x1,%o)

o f(xg,x1) = f(xq,x0) so 1st divided dif ference is symmetric

2.f(x) =% then find Af(a,b)and A f(a,b,c)

1 1 a
f(b)—f(@ b~ a_ “ab _ (b—a) 1
b— " b—a

1 =
SOl:f(X)=; (l)thf(a;b)z b_a__(ab)(b—a)__ab

—1 -1\ -—a+
MO - Af@h) _5e—(a5) _ “ape _

c—a c—a c—a abc

(i) Af(a,b,c) =

3.f(x) = % then find Af(a,b), Af(a b,c) and Af(a,b,c,d)

1
SOl:f(x)ZF

FD-f@ g3 ‘g —b-a@+h)  a+h
. _ —J\a) _pz g2z _ q?p2 _ —“Wb—-aa __a
(l)Af(a,b)— P = b —a  b-a (b — a)(a2b?) T q2p2

b+c a+b —(b +c)a? + (a+ b)c?
Af(b,)— Af(ab) _~ ez~ (~gp?) hre
c—a B c—a B c—a

(@) Af(a,b,c) =

_b(c®—a*)+ac(c—a) b(cta) ac _ab+bc+ca
B (c —a)a?b?c? "~ a?b%c?  a?bh%c? a?b?c?

bc + cd + bd ab + bc + ca
Af(Ch,c,d)— Af(a,b,c) T bZEg? _( a2hZc? )
d—a N d—a

(i) Af(a,b,c,d) =
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(bc + cd + db)a? — (ab + bc + ca)d?
22b2c2d2 _ (bc + cd + db)a® — (ab + bc + ca)d?

d—a (d — a)a?b?c2d?

3 bc(a? — d?) + abd(a — d) + acd(a — d) _abc+ bcd + cda + dab
B (d — a)a?b?c?d? B a?b?c2d?

4.Evluate A x*
y

fW-fx) _y* -«

Sol:We know that th}f(x)= = x S —x =y+x
5.If f(x) = x then find A f(a,B)
o B -f@) f-a
Sol:f(x) =x Af(a,p) = 5 a _,B—a'_l
6.f(x) = % then find Af(2,3)
1 £(3)=f(2) o 1 1 4-9 5
Solif) =5 WA =55 =T 55 =g-g=5- =5

7.Find the 3 rd divided dif ference of f(x) = x3 + x + 2 for the arguments 1,3,6,11

Sol: Construct the divided dif ference table as follows

x y Ay A%y A3y
1 4
32—4_14
3—1
64—14_10
6—-1
3 32 20—10_1
224_32:64 11 -1 -
6—23
224 — 64
6 | 224 | 1344-224 | -3 =20
11-6
11 1344

Hence the 3rd divided dif ference is 1
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8.Find the polynomial from given data

X 0 1 2 5

y 2 3 12 | 147

Sol: Construct the divided dif ference table as follows

X y Ay A%y A3y

1-0 I
9-1_,
2-0
1 3 9—4
12-3 5_o !
2—-1
45 -9
2 12 “7-12 _ 51
52

5 147

The Newton's divided dif ference formulais f(x) = f(xo) + (x — x4)f (o, X1)

+(x — x0) (x — 1) f (%0, X1, %3) + (x — x0) (x — x1) (x — x2) f (%0, X1, X3, X3) + =

+(0 — x0) (0 = xq) oo (x — 2521 f (X0, X1, o0 X3)

= f(x) = f(0)+ (x—0)f(xg,x1) + (x — 0)(x — 1) f (x0, %1, %2) + (x — 0)(x — 1) (x — 2) f (x0, X1, X, X3)
=2+x(D+x(x—-1D@)+x(x—1D(x—-2)1)=2+x+4x> — 4x + x3 — 3x? + 2x

= fx)=x3+x>—x+2

9.Using Newton's divided dif ference formula obtain value of y when x = 2 for the set of

tabulated points (1,-3),(3,9),(4,30)and (6,132)
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Sol: Construct the divided dif ference table as follows

X y Ay A%y A3y

1 -3 —
9-(=3) | T——

3-1 ° T
21-6
4—-1
3 9 10 -5
30-9_ . 6—1 !
4-3
51 —21
4 30 6 — 3 =1
132—30_51
6—4

6 132

The Newton's divided dif ference formulais f(x) = f(xy) + (x — x) f(xg, X1)

+(x — x0) (0 — ) f(x, x4, x2) + (0 — x0) (0 — x1) (x — x5) f (xg, X1, X2, X3) + -+

+(c — x0) O — x1) oo (X — X521 f (X0, X1, we X7)

= f(x) = (1) + @ — 1) f(xg,x1) + (x — 1) (x — 3)f (x0,x1,x2) + (x — D) (x — 3)(x — 4)f (x, X1, X2, X3)
f2Q)=-3+2-1D6)+2-1D2-3)5B)+2-1D2-3)2-4)(1)=-3+6-5+2=-1

= f(2) = -1

10.Using Newton's divided dif ference formula obtain value of f(9) for the set of

x 5 7 11 13 17

y 150 392 1452 | 2366 | 5202
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Sol: Construct the divided dif ference table as follows

x y Ay A%y A3y Aty
5 150 \\
392—150_121 \
7—-5
265121 _ [ 0|
11-5 I
7 392 32 — 24
1452392 3-5 |
1-7
457 — 265 2
11| 14 ———= 1-1
52 13 -7 ~ —0
42 — 32 17 -5
2366 — 1452 7—7 -1
T 457
13— 11
709 — 457 _
17 —-11
13| 2366
5202 — 2366 _ 209
17 —-13
17 | 5202

The Newton's divided dif ference formulais f(x) = f(xo) + (x — x6)f (xo, x1)

+( — x0) (x — x1) f (xor %0, %) + (o — x0) (= 1) (x — x2) f G X4, X2 X3) + -+

+( = %) (X = X1) oo (6 — X1 ) f () X1, oo Xon)

= f(x) = f(5)+ (x = 5)f(xg,x1) + (x = 5)(x = 7) f (x0, x4, x2)

+(x — 5)(x — 7) (x — 11) £ (g, X1, X2, x3) + (x — 5)(x — 7)(xx — 11)(x — 13) f (o, Xy, X, X3, Xs)

£(9) =150 + +(9 — 5)f (xo, x1) + (9 — 5)(9 — 7)f (xgy 21, )

+(9 = 5)(9 — 7)(9 — 11) f(xg, X1, X3, 25) + (9 — 5)(9 — 7)(9 — 11)(9 — 13) £ (xtg, X1, X, X3, Xs)
=150+ 4(121) +4(2)(24) + 4(2)(—-2)(1) + 4(2)(-2)(—4)(0) =150+ 484 + 192 - 16 + 0 = 810
~ f(9) = 810

11.Using Newton's divided dif ference formula obtain f(x) for the set of
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X 0 1 2 4 3) 6

y 1 14 15 3) 6 19

Sol: Construct the divided dif ference table as follows

x y Ay A%y A3y Aty
0 1
1%
1-0 |
13—1_6
2-0 \
1 14 6 — (—2) \
15-14_ -0 2
2—-1
—5-1
2 15 4—1 = 1—2__1
2-(-2) 5-0
5-15 -7 1
4-2
4 5 1—(—5)_2
5—2
6—5
5 6 -1

The Newton's divided dif ference formulais f(x) = f(xo) + (X — x0)f Cxo, %1)
+(x — x6) (= x1) f (g, X1, %2) + (2 — 26) C — x1) (x — %) f (g, X1, X, X3) + -+
+( = 26) (= 1) o (X — X1 )f (o X1 oo )

= f(x) = f(0)+ (x = 0)f(xp,x1) + (x — 0)(x — 1) f (x0, X1, X2)

+(x —0)(x — D(x — 2)f(x0, x1,%2,%x3) + (x — 0)(x — D (x — 2)(x — 4)f (x0, X1, X2, X3, X4)

=14 x(13) + x(x — 1)(6) + x(x — 1) (x — 2)(2) + x(x — 1) (x — 2)(x — 4) (%)
= 1+13x+6x2—6x+2(x3—3x2+2x)+%(x3—3x2+2x)(x—4)

1
=1+13x+6x2—6x+2x3—6x2+6x+§(x4—3x3+2x2—4x3+12x2—8x)
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1 1
=§(5 + 65x + 10x3 + x* — 7x3 + 14x2% — 8x) =§(x4+ 3x3 + 14x% + 57x + 5)

1
o f(x) ==(x*+3x3 + 14x% + 57x + 5)
5

12.Find the polynomial of (3 3),(212),(115),(—1
— 21) by useing Newton's divided formula

13.Use Lagranges interpolation formula to fit a polynomial to the data

X -1 0 2 3
y 8 3 1 12
Sol:Here xg = —1,%, = 0,x, = 2,x3 = 3 The Lagrange's interpolation formula is
0= = 250 0o 2 o 20 3o 0+
(afx = ;00))((;2 —111))(&2 = x)g) fea) g, - ;oo))((xi, —9;11);(9;3 = x)2> fxs)
e R R e e e OB
Ee-0G-3 Pt G G- 0= 12
G 0)((96_—122))(96 —-3) (-8) + (x + D(x g 2)(x —3) @)+
(x + 1)(95_—63))(96 —-3) 1+ (x + 1)(x1—20)(x —2) (12)

2 1 1
=§x(x2—5x+6)+§(x+1)(x2—5x+6)—gx(x2—2x—3)+x(x2—x—2)

2 1 1
=§(x3—5x2+6x)+§(x3+x2—5x2—5x+6x+6)—€(x3—2x2—3x)+(x3—x2—2x)

2 1 1
=§(x3—5x2+6x)+E(x3—4x2+x+6)—g(x3—2x2—3x)+(x3—x2—2x)

2 1 1 —10 1 1 1
=x3<§+§—g+1)+x2<T—2+§—1>+x(4+§+z—2>+3

=2x3 —6x?+4+3x+3

~ f(x) =2x% —6x* 4+ 3x + 3
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14.Fit a cubic polynomial by useing Lagranges interpolation formula to the data

X -2 -1 2 3
y -12 -8 3 5
Sol:Here xo = —2,x; = —1,x, = 2,x3 = 3 The Lagrange's interpolation formula is
(x —21) (x — x2) (x — x3) (o — 20) (x — x2) (x — x3)
fo = S~ (o) + e e VACOR,
3

(xo — x1) (xg — x2) (%o — x3)

(x = x0) (x — 1) (x — x3)
(2 = x0) (xz — x1) (x

e+ D= 2)(x - 3)
T (2+1D(-2-2)(-2-3)

(x+2)(x+1)(x—-3) (x +

_ Xg)f(xz) + (

(-12) +

(21 — x0) Qxy — x2) (g

(x — x0) (x — x1) (x — x7) f
x3 — %) (X3 — x1) (X3 — x3)

(x3)

x+2)(x—2)(x—-3)
(-1+2)(-1-2)(-1-13)

(=8) +

2)(x+1)(x—2) )

(3)+

2+2)2+1)(2-3) 3+

2)3+1)(3-2)

_ (x+1)(x* —5x +6) (x +2)(x? = 5x + 6)
- 209 (—12) + = (-8) +
(x—3)(x?+3x+2) (x—2)(x?+3x+2)
—12) (3)+ 20 )

3 2
g(x3+x2—5x2—5x+6x+6)—§(x3+2x2—5x2—10x+6x+12)

1 1
—Z(x3—3x2+3x2—9x+2x—6)+Z(x3—2x2+3x2—6x+2x—4)

3 2 1 1
=§(x3—4x2+x+6)—§(x3—3x2—4x+12)—Z(x3—7x—6)+Z(x3+x2—4x—4)
= 3(3 2 1+1>+ 2(_12+2+1>+ (3+8+7 1>+18 84> 1
X \5737274) T s ) TX\5T37, 5 2
_ 1, 3, 241 39
715 720" Te0 ¥ 10

1 3 241 39
. —_ A3 _ = N2 _ _
&) = — gt —ogxt X — oG

15.Use Lagranges interpolation formula to find y(10) to the data

5 6 9 11

X

12 13 14 16

y
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Sol:Here xqy = 5,x; = 6,x, = 9,x3 = 11 The Lagrange's interpolation formula is

(x —2xq)(x — x2) (x — x3) (x — x0) (x — x2) (x — x3)
(x0 — x1)(xg — x2) (g — xg)f(XO) * (21 — x0) Qg — x2) (% — x3)f(x1)

flx) =

(= x0)(x — x1)(x — x3) (x —x0) (x — x1) (x — x5)
Cmn Toupupny Toupupnn VACC R cpmpeny T cupmpery eumpupon VACCY

(x—6)(x—9)(x—-11) (x=5x-9)((x-11)
" Go66G-9G 10" P 669610 T

(x=5x-6)(x—-11) (x=5)x—-6)(x—9)

050 -60-10 Pt nai—eui_o®

(10-6)(10—-9)(10—11) (10 -5)(10 —9)(10—11)

M0 ="—o6-96-10 2" G-n6-96-10

(10-5)(10-6)(10-11) 14 (10-5)(10-6)(10—-9)
050 -60-10 Wr*aisai—eai-9

@MW1 5)(1)(=1) WD G@A)
T Tawy s Le Ry Y e S R o3 1) T RS 75 1 1¢)
13 § 16

38
sty g =2+ =2+126=146

(16)

(16)

= y(10) = 14.6

16.Use Lagranges interpolation formula to find y(0) to the data

x 5 6 9 11

y 12 13 14 16

Sol:Here xqy = 5,x; = 6,x, =9,x3 = 11 The Lagrange's interpolation formula is

e s e A S ey e e s
R T R e ey S TS

- -G —9E- 0D G a0
(x=5)(x—-6)(x—11) (14) + (x—=5)(x—6)(x—9) (16)

9-50-6)(O9-11) (11-5)(11-6)(11-9)
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(0-6)(0—9)(0—-11) (0-5)(0—-9)(0—-11)
O =566 @ 6-n6-96_10 >
0-50-600-11 | ©0-50-60-9

(9-5)9-6)(9—-11) (11-5)(11-6)(11-9)

(O, (=11, (5611, (=5)(=6)(=9)
" oEnEe P Pt oec T oon

(16)

385
=297 — 429 + T 72 =297 —429+1925-72 =-11.5

~y(0) = —11.5
/4
17.For the given values of x and y find sin (g) useing Lagranges interpolation formula
X 0 T =
4 2
y = sinx 0 0.70711 1

s /[
Sol:Here x, = 0,x, = Z,xz =3 The Lagrange's interpolation formula is

(x —x1)(x — x3) (x — x0) (x — x3) (x —x0) (x — x1)

Eopon Ty VAT Ly copmpen Toospmpy U ACS Dy copmpen Tospupe PACE

_(x-3)(x-3)
(0-3)(0-2)

fx) =

0 1)

F0E-

o)

F-9G-

0) +

(0.70711) +

T T T Vs Vs Vs
(™) = 0+ -9G-2) (070711 + (5-9E-%) D
O [ ey
T T T T
= (6) (_ §) (0.70711) + —(g()%g_(g) (1) = g (0.70711) — % = 2(0.70711) — % = 4'6?9688

/N
SE
N——
|
St
N—

Il
e
ul
[UN
~
o
w

-~ sin (g)

18.Use Lagranges inverse interpolation formula to find the value of x wheny = 15

fromthe the data
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Sol:Herey, =12,y, = 13,y, = 14,y; = 16
The Lagrange's inverse interpolation formula is

=y —y)y—y3) X =y) Y —y)y —y3) X
Yo — Y1) Vo — ¥2) (o — ¥3) 0 1 = Y0) 1 = ¥2) (1 — y3) !

=M=

Y=y =y —y3) o =y —y)—y2) X
2 = ¥0) 2 =y (2 — y3) 2 (s = ¥0) (3 —y1) (3 — ¥2) 3

__G-10-1G-10)  G-120-100-16)
"oz T ooz —16
(y — 12)(y — 13)(y — 16) (y —12)(y — 13)(y — 14)

14— 1i—13)1i-16 P " e - 1206 - 13) 16— 1) 1V

1 _ (15—-13)(15-14)(15—16) (15-12)(15-14)(15-16)
A=z —16 @ T o az - waz—1s @

(15—-12)(15-13)(15—-16) 9 (15-12)(15—-13)(15 - 14) 11

(14-12)(14-13)(14 — 16)( )+ (16 —12)(16 — 13)(16 — 14)( )
@M1 B)MC1) 3)2)(-1) 3)(2)(1)
"o P T @ T oo e Y
—5 6 27 11—125 6+13.5+2.75=10.5
—Z— +7+T_ Zo—6+13.0+2.75 =10.

»x=f"1(15) = 10.5

19.Use Lagranges interpolation formula to fit a polynomial to the data

x 0 1 2 5 Ans:f(x) =x3+x?>—x+2

y 2 3 12 147

20.Use Lagranges interpolation formula to find f(4) to the data

X 0 1 2 5 Ans: f(4) = 8.4

y 2 5 7 8
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Numerical differentiation

Numerical differentiation is the process of evaluating the derivative of a function f(x) with the help of the
given set of that function is known as numerical differentiation.

Note: -If the derivative at a point near the beginning of set of values given by a table is required the we use
Newton forward formula, and if the same is required at a point near the end of the given tabular values, then we
use Newton backward formula, and also if the same is required at a point near the middle of the given tabular
values, then we use Bessel’s and Sterling’s formula

ive |
Derive [d ]

2
. and [ y] by using (1) Newton’s forward and backward formulas
xX=Xxq =X

dx?

Proof) Newton’s forward interpolation is given by

u(u—1) ,o u(u-1)(u-2) ,3
TA Yo +TA Yo t+

y =y, +uly, + - = ()where u = =22 = %dx

Differentiating (1) w.r.to u, we get

4u3-18u?+22u—6
4)

3u?-6u+2
3!

ay au
du’ dx

dy _ [ Ay

4 ay _
™ A*yo + ]—>(2)nowdx—

Yo + My, +

dy 1 2u—1 3u? —6u+2 4u® —18u® +22u—6
dx _R|AYot o AVt =AY + 4l A*yo + - [ = (3)

As x = x, = u = 0 therefore, putting u = 0 in above equation

[d 1 [A 1A2 + 1 A3 1A4 + ] 4
—_ [ —_ —_— e | >
dx) e, =780 =580 + 3 A%y — 7 8% (4)

Differentiating equation (3) again w.r.t. X we get

d*y 17, , 11

axz| =P[Ay0—AyO+EAyO ']—’(5)
X=Xo

Newton’s backward interpolation is given by

y =79y, +uVy, + Msz + WV%@ + 5 (D)whereu = =

1
=—dx
h

Differentiating (1) w.r.to X, we get

dy 1[ 2u+1 3u? + 6u + 2 4ud +18u? +22u+6
In

dx _h 2 Ut Vot 41 Vit [ 2(2)

As x = x,, = u = 0 therefore, putting u = 0 in above equation

[d 1[V +1V2 +1V3 +1v4 + 3
—_ — — —_ e | >
dx x=x h yn 2 yn 3 yn 4 yTl ( )
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Differentiating equation (3) again w.r.t. x we get

dzyl

171, 5 11_,
dxZ =ﬁ[Vyn+Vyn+—V ]—)(4)
xX=x

12

Sterling’s formula, [Z_ﬂx L= % [% - é (%) + ] - (5)
=Xo

And [ = h—lz[Azy_1 —%A“y_2+ ] - (6)

dx?ly=x,

Maximum and minimum values of a tabulated function: -If we differentiate the Newton’s forward
interpolation with respect to x, we get

dy 1 2u—1 , 3u? —6u+2
e O T CRA TR CR IS
. - dy —6u+2 ;3 _ . .
For maximum/minimum, put e 0= Ay, + Yo + —A Yo + -+ = 0 solving this for v and

substitute the values from difference table we get x as x, + uh at which y IS maximum or minimum.

Errors in numerical differentiation: - The numerical computation of derivatives involves two types of errors
namely truncation errors and rounding errors.

Truncation error: - The truncation error is caused by replacing the tabulated function y = f (x) by means of

FDE) (o),

an interpolating polynomialg (x). This error can be estimated by the formula f(x) — ¢ (x) = ( oy

Xo < & <x, wherem(x) = (x —x)(x — xq) ... (x — x;).

We can calculate the truncation error in any numerical differentiation formula in the following way. Suppose
that the tabulated function is such that its difference of a certain order is small and the tabulated function is well
approximated by the polynomial.

_ Ay_1+4y,

2h +

. . [d
In sterling’s formula, we can write [d—y]
X=Xo

. . . 1 A3y_2+A3y_1
T, where T, is the truncating error givenby T; = —|————

6h 2

2
Similarly, [% = =A%y, + T, whereT, =

—— A%y,
x=x, h2 12n2 2

Rounding Error: - The rounding error is inversely proportional to h in case of first derivatives, inversely
proportional to h? in case of second derivatives and so on Thus the rounding error increases as h decreases.

Ay_;+A A3y_,+A%y_ _2—8y_1+8
=YtV 2 Y2l Ve _ Yoam WPiTIMTY2 has the maximum rounding error
= xo 2h 12h 12h

In Sterling’s formula, [d—y]

182 _ 32 and the formula — = L2 4t = Y=172Y%04Y1 pas the maximum rounding error -
2 y 1 2 2
12h 2h Xo h h h




1. Find & &y at x = 1.5 from the following table
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dx’ dx?
X 1.5 2.0 2.5 3.0 3.5 4.0
y 3.375 7 13.625 24 38.875 | 59
Sol) we form the difference table
x | f(x) Af(x) | A% f(x) | A%f(x) | A*f(x)
1.5 3.375
3.625
2 7.000 3.000
6.625 0.75
25| 13.625 3.75 0
10.375 0.75
3 24.000 4.5 0
14.875 0.75
3.5 | 38.875 5.25
20.125
4 59.000
_ _ . dy _1 1,92 1,3 1,4
Here x, = 1.5, h = 0.5 By Newton’s forward formula [E] = E[AYO - EA Yo+ 3 Ay, — ZA Yo+ ]
X=X

ay -1 _1 1 _1 - -
> |2 T [3.625-2(3) +1 (0.75) - 2(0)| = 2[2.375] = 4.75
a’y — 1[p2y _ A3y, 4 L4 a?y —_1 r3_ - -
And [£2 e = |82y, — A3y, + 2%y, + | = dxz]le.s = —[3-0.75] = 4[225] = 9
2. Find Z—z, at x = 1,3,6 from the following table
X 0 1 2 3 4 5 6
y 6.9897 | 7.4036 | 7.7815 | 8.1291 | 8.4510 | 8.7506 | 9.0309
Sol) we form the difference table
x y Ay A%y A3y Aty ASy ASy
0 6.9897
0.4139
1 7.4036 -0.0360
0.3779 0.0057
2 7.7815 -0.0303 -0.0011
0.3476 0.0046 -0.0001
3 8.1291 -0.0257 -0.0012 0.0009
0.3219 0.0034 -0.0008
4 8.4510 -0.0223 -0.0004
0.2996 0.0030
5 8.7506 -0.0193
0.2803
6 9.0309
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() Here x, = 1, h = 1 By Newton’s forward formula [Z—y]

Xlx=xq

1 1 1 1
P [8y0 = 58%y0 + 5 A%y — tyg + -]
= & =2 03779——( 00303)+ (00046)——( 0.0012) +- ( 0.0008)| = 0.395043
dx 1 1
X=
1(0My_1+03y_,
J—— +...
6( 2 ) ]

) + ] = 0.33475 — 0.00067 = 0.33409

(ii) xo = 3, h = 1 Sterling’s formula, [Z—i’] = %[Ayosz—l
X=Xo

d 11(0.3476+0.3219
- o], - e
x=3 1

1 (0.0046+0.0034
dx 2 6

2

(iif) xo = 6, h = 1 By Newton’s backward formula [d—y]

Xdx=x,

1
= = [Vyn + = szn + V3yn +- V4yn ]

1 1 1 1
=1 [0.2803 + > (—0.0193) + 3 (0.003) + Z(_0'0004) + -+ = 0.27155

[d
dxl,—¢
3. Find > dy @ y at x = 1 from the following table

x O 1 2 3 4
y 6.9897 | 7.4036 | 7.7815 | 8.1291 | 8.4510

Sol) we form the difference table

x y Ay A%y A3y Aty
0 6.9897
0.4139
1 7.4036 -0.0360
0.3779 0.0057
2 7.7815 -0.0303 -0.0011
0.3476 0.0046
3 8.1291 -0.0257
0.3219
4 8.4510

(i) Here x, = 1, h = 1 By Newton’s forward formula [d—y]
Xdx=x,
dy
=z [a]le

d? 1
and [2] =2
dx“ly=yx, h

da*y
] = —[—0.0303 — 0.0046] = —0.0349

11
[AZ)’O - A33’o + EA43’0 dx?

(1)2

x=1

4. Find the first and second derivatives of v/x at x = 15 from the following table

X 15 17 19 21 23 25
y 3.873 | 4123 | 4359 | 4.583 | 4.796 | 5.000




Sol) we form the difference table
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X y Ay A%y A3y Aty ASy
15 3.873
0.250
17 4.123 -0.014
0.236 0.002
19 4.359 -0.012 -0.001
0.224 0.001 0.002
21 4.583 -0.011 0.001
0.213 0.002
23 4.796 -0.009
0.204
25 5.000

(i) Here x, = 15, h = 2 By Newton’s forward formula [Z—y]

1 1 1 1
= E[AYO — 0%+ Ay — A% + ]

Xdx=x,
dy _ l _l _ l _ —0.001 0.002]
= [E]les - 2[0.25 ~(=0.014) + 3 (0.002) - = +—] = 0.129175
4’y = LA2y — A3y, 4+ A4 a?y 1 _ - _
And [£2 e = |82y, — A3y, + 2%y, + | = dxz]les = 57[-0014 - 0.002] = -0.004
5. Find ;—xjo, at x = 0.1 from the following table
X 0 0.1 0.2 0.3 0.4
y 1 0.9975| 0.99 | 0.9776 | 0.9604
Sol) we form the difference table
x y Ay A%y A3y Aty
0 1
-0.0025
0.1 | 0.9975 -0.0050
-0.0075 0.0001
0.2 0.99 -0.0049 0
-0.0124 0.0001
0.3 | 0.9776 -0.0048
-0.0172
0.4 | 0.9604

H _ _ Py dy _ 1 1 2 1 3 1 4
() Here x, = 0.1, h = 0.1 Newton’s forward formula [E] = [Ayo — EA Yo t+3 Ay — ZA Yo + ]

X=Xo

ay _11_ _1. 1 — _
:>[_]X=0,1_0-1[ 0.0075 — > (—0.0049) + (0.0001)]_ 0.05017

dx
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6. Find the first and second derivatives of y at x = 0 from the following table

X 0 2 4 6 8 10
y 0 12 248 1284 | 4080 | 9980
Sol) we form the difference table
X y Ay A%y A3y Aty ASy
0 0
12
2 12 224
236 516
4 248 800 384
1036 960 0
6 1284 1760 384
2796 1344
8 4080 3104
5900
10 9980

(i) Here x, = 0, h = 2 By Newton’s forward formula [d—y]

1 1 1 1
= E[AYO — 0%y + 5 Ay — A%y + ]

__1
T (2)2

Xdx=xq
> |2 . =212-1224) +2 (576) - 2+ Y| = 2
ay — 1 {A2y. — A3 1144, 545 a’y
And [dxz ey W [A Vo — Ay + 12A Yo 6A Yo ] = dxz]x=o
7. Find the first and second derivatives of y at x = 0 from the following table
X 0 1 2 3 4 5
y 4 8 15 7 6 2
Sol) we form the difference table
x y Ay A%y My | Ay | Ay
0 4
4
1 8 3
7 -18
2 15 -15 40
-8 22 -72
3 7 7 -32
-1 -10
4 6 -3
-4
5 2

[224 — 576+ %(384)] =0
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(i) Here x, = 0, h = 1 By Newton’s forward formula [Z—y] %[Ayo - %Azyo + é A3y, — iA‘LyO + ]

Xlx=xq

> [dl]xzo =14-2@)+2 (-18) - L+ | = —279

dx
_ 1[A2., _ A3 11 \4 5,5 a’y 5
And [dx Ho—hz[A Yo~ A%+ 5 A4%0 — (A yo---]=> dxz]xo (1)2[3+18+ (40) (72)]
=117.67

8. Find the first and second derivatives of y at x = 1 from the following table

X 1 2 3 4 5 6
y 1 8 27 64 125 216
Sol) we form the difference table
X y Ay A%y A3y Aty ASy
1 1
7
2 8 12
19 6
3 27 18 0
37 6 0
4 64 24 0
61 6
5 125 30
91
6 216

(i) Here x, = 1, h = 1 By Newton’s forward formula [Z—ﬂx_x = %[Ayo — %Azyo +§ A3y, — %A‘*yo + ]
=10

o[, =t -2t @ o)<

And [%L:xo nz [A Yo — A%y, + A4Yo - —A5y0 ] = ZTy] —o 2 [12 —6+% (0)] =6

9. Find the derivative of f(x) at x = 0.4 from the following table.

X 0 0.1 0.2 0.3 0.4
y 1 0.9975 | 0.99 | 0.9776 | 0.9604
Sol) we form the difference table
X y Ay A%y A3y
0.1 | 1.10510
0.1163
0.2 | 1.22140 0.01216
0.12846 0.00134
0.3 | 1.34986 0.0135
0.14196
0.4 | 1.49182
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(i) xo = 0.4, h = 0.1 By Newton’s backward formula [d—y] =1 [Vyn FIV2y +1V3y 41V + ]
dxly—y, ~ h 2 3 4

dy ! 0.1419 1 0.0135 1 0.00134 0.27155
=>[dxx:(,,fo.l[' 6+ (0.0135) + 3 (0. )]_ '
10. Find the first derivative of y at x = 1.6 from the following table
X 1 1.2 1.4 1.6 1.8 2
y 2.7183 | 3.3201 | 4.0552 | 4.9530 | 6.0496 | 7.3891
Sol) we form the difference table
X y Ay A%y A3y Aty ASy
1 2.7183
0.6018
1.2 | 3.3201 0.1333
0.7351 0.0294
1.4 | 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
1.6 | 4.9530 0.1988 0.0080
1.0966 0.0441
1.8 | 6.0496 0.2429
1.3395
2 7.3891
1[AyotAy—1 1 (D%y_1+A%y_,

(i) Here x, = 1.6, h = 0.2 Sterling’s formula, [Z_ﬂ =

a
:>[—y

1

dxly—16 021

[0.8978+1.0966 1

0.0361+0.0441

2

g

2

X=Xo

h

|

2

g

2

)+ ]

)] = 5[0.9972 — 0.00668] = 4.9526

11. Find the first and second derivatives of y at x = 1.2 and 1.6 from the following table

X 1 1.2 1.4 1.6 1.8 2 2.2
y 2.7183 | 3.3201 | 4.0552 | 4.9530 | 6.0496 | 7.3891 | 9.0250
Sol) we form the difference table
X y Ay A%y A3y Aty ASy ASy
1 2.7183
0.6018
12| 3.3201 0.1333
0.7351 0.0294
1.4 | 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
1.6 | 4.9530 0.1988 0.0080 0.0001
1.0966 0.0441 0.0014
1.8 | 6.0496 0.2429 0.0094
1.3395 0.0535
2 7.3891 0.2964
1.6359
2.2 | 9.0250
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(1) xo = 1.2, h = 0.2 By Newton’s forward formula [Z—y]

Xlx=xq

1 1 1 1
E[A)’o — S 0%y + 2 A%y — L A%y + ]

ay -1 _1 1 _1 1 =
= [—]le.z =53 [0.7351 . (0.1627) + . (0.0361) " (0.008) + - (0.0014)] = 3.3203

dx

2., _ A3 4, _ 545 a’y
And[ N2y, — A%y, + 2 Aty — 24%y, . ]:[dxz]lez (02)2[01627 0.0361 +

dx?ly=x, hz[

11
2 (0.008) —3(0.0014)] = 3.3192

= _ _ SR dy _ 1[Ayo+dy—y 1 (Dy_1+A%_,

(ii) Here x, = 1.6, h = 0.2 Sterling’s formula, [dx]xzxo = h[ . 6( . ) + ]
dy 1 [0.8978+1.0966 1/0.0361+0.0441

N [—] - —[ - —( )] = 5[0.9972 — 0.00668] = 4.9526
dxly=1¢6 0.2 2 6 2

— 1Az 14y d*y 1
el N |22y = 8ty 2 (3] = G5 [01988 - 15 (0.008)] = 4.9533

And [

12. Find the first and second derivatives of y at x = 1.05 from the following table

X 1 1.05 1.1 1.15 1.2 1.25 1.3
y 1 1.025 | 1.049 1.072 | 1.095 | 1.118 | 1.14

Sol) we form the difference table

x y Ay A%y A3y Aty ASy ASy
1 1
0.025
1.05 1.025 -0.001
0.024 0
11 1.049 -0.001 0.001
0.023 0.001 -0.002
1.15 1.072 0 -0.001 0.002
0.023 0 0
1.2 1.095 0 -0.001
0.023 -0.001
1.25 1.118 -0.001
0.022
1.3 1.14

(i) xo = 1.05, h = 0.05 By Newton’s forward formula [Z_y]

Xdx=x,

1 1 1 1
;[AYO - EAZYO +3 A%yq _ZA43’0 + ]

[;]lelos 005[0024——( 0001)+ (0001)——( 0.001) + = (0)]_05017

And [Zz—y

X*dx=x,

— 1 [a2y, _ A3 144, 545 a’y _ _
=2 |22y — 2%y, + 2 aty, - 24 yo"']:>[dx2x=1_05 (005)2[ 0.001 — 0.001 +

11 5
2 (-0.001) - g(0)] = —1.1667




13. Find the first and second derivatives of y at x = 1 from the following table
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X -2 -1 0 1 2 3 4
y 104 17 0 -1 8 69 272
Sol) we form the difference table
X y Ay A%y A3y Aty ASy ASy
-2 104
-87
-1 17 70
-17 -54
0 0 16 48
-1 -6 0
1 -1 10 48 0
9 42 0
2 8 52 48
61 90
3 69 142
203
4 272

3 3
(ii) Here x, = 1, h = 1 Sterling’s formula, [Z—z] = %[% — % (%) + ]
X=X

d
:[_y
dxly=1

)] <

And [£2 o SR = Ay ]S 2] =gslto-Ses|=10-4=6

dxtley (2

14. Find the first derivative of y at x = 0.6 byNewton'sformula from the following table

X 0.2 0.4 0.6 0.8 1 1.2
y 0.122 | 0.493 | 1.123 | 2.022 | 3.20 | 4.666
Sol) we form the difference table
x y Ay A%y A3y Aty ASy
02| 0.122
0.371
0.4 | 0.493 0.259
0.63 0.01
06| 1.123 0.269 0
0.899 0.01 -0.001
08| 2.022 0.279 -0.001
1.178 0.009
1 3.20 0.288
1.466
12| 4.666

(i) xo = 0.6, h = 0.1 By Newton’s forward formula [Z—y]

Xlx=x,

1 1 1 1
= E[A)’o — S 0%y + 2 A%y — S A%y + ]




dx
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N [d—y]x:&6 =L [0.899 - 2(0.279) +1 (0.009)| = 7.625

15. Find the first second derivative of y at x = 1.1 from the following table

X 1 1.2 1.4 1.6 1.8 2
y 0 0.128 | 0.544 | 1.296 | 2.432 4
Sol) we form the difference table
x y Ay A%y A3y Aty ASy
1 0
0.128
1.2 | 0.128 0.288
0.416 0.048
1.4 | 0.544 0.336 0
0.752 0.048 0
16| 1.296 0.384 0
1.136 0.048
18| 2432 0.432
1.568
2 4

Here we have to find the derivative at x =1.1 which lies between given arguments 1 and 1.2. So apply Newton’s

forward formula, we have u = % = ’;—_21 =5(x—1)=>du=5dxandu=5(1.1—-1) = 0.5
u(u—1) ufu—1(u—-2)

Y = Yo+ ubyp +——— A%, + 30 Nyo+ - (1)
Differentiating (1) w.r.to u, we get
dy _ 2u—1 3u?-6u+2 4u3-18u?+22u-6 dy _dy du
== [Ayo += A%y, +— A3y, + . Aty, + ] - (2)now —= = —=.—
dy 2u—1 3u? —6bu+2 4u® —18u® +22u—6
7= 5|8y + A%y + ————— A%y + 7 Ay, + -

d 2(05) -1 3(0.5)2 — 6(0.5) + 2
= [—y =5(0.128 + L(O.ZSS) + 05) 05) (0.048)| = 5[0.128 — 0.002] = 0.63

dxly=11 2! 3!

2
And [% = 25[A%y, + (u — 1)A3y,] = 25[0.288 + (0.5 — 1)(0.048)] = 25[0.128 — 0.024] = 6.6
x=1.1

16. Find the first and second derivatives of y at x = 1 from the following table

X 1 2 3 4 5 6
y 1 8 27 64 125 216
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Sol) we form the difference table

x y Ay A%y A3y Aty ASy
1 1
.
2 8 12
19 6
3 27 18 0
37 6 0
4 64 24 0
61 6
5 125 30
91
6 216

Here we have to find the derivative at x =1.5 which lies between given arguments 1 and 2. So apply Newton’s

forward formula, we have u = % =X (x—15)>du=dxandu= (1.5-1) =05

u(u—1) A2 u(u—1)(u—-2)

ol Yo + 3 Ayg + -+ > (1)

Yy =Y +uly, +

Differentiating (1) w.r.to u, we get

4u3-18u?+22u-6
4!

2u—-1
2!

dy

du

3u?-6u+2
3!

x  du dx
4u3 —18u? +22u—=6
4!

, 3u? —6u+2 s
Ay0+TA Yo +

dy_A +2u—1
dx [P0 T

A4’y0 + ...l

— 2 _
_ l7 N 2(%)'1 (12) 4 20 3?(0'5) +2 (6)l — [7-0.25] = 6.75

- [dy
dx x=1.5

And [£2] = [A%y, + (u—1D)A%y,] = [12+ (05— 1)(6)] = [12-3] = 9

dxz]x=1.1

17. Find the derivative of f(x) at x = 1.22 from the following table.

X 1 1.1 1.2 1.3 1.4
y 0.84147 | 1.89121 | 0.93204 | 0.96356 | 0.98545
Sol) we form the difference table
X y Ay A%y A3y Aty
1 | 0.84147
1.05
1.1 | 1.89121 -2.009
-0.959 3.000
1.2 | 0.93204 0.991 -4.001
0.032 -1.001
1.3 | 0.96356 -0.01
0.022
1.4 | 0.98545
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Here x, = 1.2, h = 0.1 As the derivative is required near the middle of the table, we use Sterling’s formula

1Ay, + Ay_ 1/A3y_; + A3y 0959+0032 1,3—-1.001
_lM__< Y1 yz>+...l 01[ (—)]=—6.306

[d
dxly=x, h 2 6 2 6 2

18. Find the derivative of f(x) at x = 4, 5 from the following table.

X 1 2 4 8 10
y 0 1 5 21 27
Sol) Since the vales of x are not equally spaced, we will use Newton’s divided difference formula
X y Ay A%y A3y Aty
1 0
1-0
2—-1
2 1 2—-1 1
5-1_ 4-1 3 1.1
4-2 " 3 3_9
4 5 4-2 1 8—1 -1 5
— == -1 1 16 1
21-5 8—2 3 = 1 = —
1 = 6 3__1 10— 1 144
27—21_3 10—4 6
10-8
10 27

Newton’s divided difference formula is given by
f) = yo + (x = x0)Ayp + (x — x0) (x — x)A%y + (x — x0) (x — x1) (x = x) A% + (x — x0) (x —
x1) (x — x2) (x — x3) A%y, +

Differentiating w.r.t. X, we get

f1x) = Ayy + [(x = x0) + (x — x)]A%y + [(x — x0) (x — x1) + (x — 2x1) (x — x) + (x — x0) (x —
x) 0%y + [(x = x0) (x — x) (x — x3) + (0 — 27) (0 — x) (x — x3) + (x — x) (x — x3) (x — xp) +
(x — x3) (x — x0) (x — x1)]A%y,

P = 1+14-1D+@-21(5) +[(4 - DE-2 + 4= 244 + (4~ D~ ](O)
+[4-1D¢“d-2)4-H)+¢“@-2)4-4)4-8)+U4-44-8)4-1)

1
+(4-8)4—-1)4-2)] (—m> =1+1.66667+ 0+ 0.166667 = 2.833
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1
FiE) = 1+[6-D+G-2)](3) +[G-DE-2+E-2E-H+(5- DG - DO
+[G6-1D6G-2)6-49)+6-2)6-49)5-8)+G-4)(56-8)(5G-1)

1 27
+(G-8)(5-1)(-2)] (—m) = 1+4+—-=5+01875 = 51875

19. From the following table, find the value of x for which y is maximum and find this value of y.

X 1.2 1.3 1.4 1.5 1.6
y 0.9320 | 0.9636 | 0.9855 | 0.9975 | 0.9996

Sol) The difference table is

X y Ay A%y A3y Aty
1.2 | 0.9320
0.0316
1.3 | 0.9636 -0.0097
0.0219 -0.0002
1.4 | 0.9855 -0.0099 0.0002
0.0120 0
15| 0.9975 -0.0099
0.0021
1.6 | 0.9996

xo = 1.2, h = 0.1 by Newton’s forward differences formula, terminated after second differences, given

Y = yo + uby, + *E2 A%y, = 0,932 +(0.0316) + “1 (=0.0097) > (1)

2u—1
2

= Z—Z = 0.0136 + (—0.0097) Fory to be maximum, Z—Z =0=2(0.0136) = (2u — 1)(0.0097)

0.0632

= 2u=1=55097

= 6.51546 = u = 3.7577 hence x = x, + uh = 1.2 + (3.7577)(0.1) = 1.5758

~ y is maximum when x = 1.5758 = 1.58
Putting u = 3.7577 in (1), the maximum value of y
= 0.9320 + (3.7577)(0.0316)+(3.7577)(3.7577-1)(-0.0097)/2 = 0.932+0.11874-0.0502586=1.00048=1.00

20. Find the maximum and minimum values of the function from following table.

X 0 1 2 3 4 5
y 0 0.25 0 2.25 16 56.25
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Sol) The difference table is

X y Ay A%y A3y Aty
0 0
0.25
1 0.25 -0.50
-0.25 3
2 0 25 6
2.25 9
3 2.25 11.25 6
13.75 15
4 16 26.50
40.25
5 56.25

xo = 0, h = 1 by Newton’s forward differences formula is y = y, + uAy, + %Azyo + Wﬁyo +

2u—-1 3u-6u+2 4u3-18u?+22u-6

Differentiating above w.r.t. x y! = %[Ay0 + A%y, + - A3y, + ” Aty + -
2u—1 3u? —6u+2 4u3 —18u? +22u—6
= 0.25 + (-05)+———(@3) + (6)
2 6 24
3 1+<—u+0.5>+3u2—6u+2+2u3—9u2+11u—3
4 2 2 2
1 1

=Z[1—2u+1+6u2—12u+4+4u3—18u2+22u—6] =Z[4u3—12u2+8u] =u3—-3u?+2u

For y to be maximum/minimum, Z—Z =0=>ul-3uw+2u=0>u(u—-1Dw-2)=0=>u=0,12

2 dZ

d
Forxo =0,h=1and x =xy+uh=x=0,1,2 but—y =3u?—-6u+2 now—y > 0whenu = 0,2
du? du?
d?y
and—= < 0whenu=1
du?

~ At x = 0,2; f(x) has minimum and minimum values are f(0) =0, f(2) = 0 and
At x = 1; f (x) has maximum and maximum values are f(1) = 0.25

21. From the following table, find the value of x for which y is maximum and find this value of y.

X 3 4 5 6 l 8
y 0.205 | 0.240 | 0.259 | 0.262 | 0.250 | 0.224




Sol) The difference table is

70

x y Ay A%y A3y Aty Ay
3 0.205
0.035
4 0.240 -0.016
0.019 0
5 0.259 -0.016 0.001
0.003 0.001 -0.001
6 0.262 -0.015 0
-0.012 0.001
7 0.250 -0.014
-0.026
8 0.224

Xy = 3, h = 1 by Newton’s forward differences formula, terminated after second differences, given

u(u
2

Y=o + uby, + 2 A%y, = 0205 + u(0.035) + 22 (-0.016) - (1)

= Z—z = 0.035 + 222 (—0.016) Fory to be maximum, Z—y =0 = 2(0.035) = (2u — 1)(0.016)

2 u

0.07

s>2u—1= 0016 4.375 = u = 2.6875 hence x = xy, + uh = 3 + (2.6875)(1) = 5.6875

~ y is maximum when x = 5.6875 = 5.69
Putting u = 2.6875 in (1), the maximum value of y
= 0.205 + (2.6875)(0.035)+(2.6875)(2.6875-1)(-0.016)/2 = 0.2628

22. From the following table, find the value of x for which y is minimum and find this value of y.

X 0 2 4 6
y 3 3 11 27
Sol) The difference table is
X y Ay A%y A3y
0 3
0
2 3 8
8 0
4 11 8
16
6 27

xo = 0, h = 2 by Newton’s forward differences formula, terminated after second differences, given

Y = Yo +uly, +%A2yo =3+ u(0) +%(8) - (1)
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2u—-1

:%:1(0)+ — (8) Foryto be minimum, Z—i=0=>(2u—1)=0=>2u—1=0=>u=

0.5hencex =x,+uh =0+ (0.5)(2)=1
~ y is minimum when x = 1 Putting u = 0.5 in (1), the minimum value of y
= 3 + (0.5) (0) + (0.5) (0.5-1) (8)/2 = 3+0-1=2

23. From the following table, find the value of x for which y is minimum and find this value of .

X 0.60 0.65 0.70 0.75
y 0.6221 | 0.6155 | 0.6138 | 0.6170
Sol) The difference table is
X y Ay A%y A3y
0.60 | 0.6221
-0.0066
0.65| 0.6155 0.0049
-0.0017 0
0.70 | 0.6138 0.0049
0.0032
0.75| 0.6170

xo = 0.6, h = 0.05 by Newton’s forward differences formula, terminated after second differences, given

u(u—-1)
2!

u(u—-1)
2!

y =y, + uly, + A%y, = 0.6221 + u(—0.0066) + (0.0049) - (1)

2u—-1

= Z—Z = 1(—0.0066) + (0.0049) For y to be minimum, Z—y = 0= 2(0.0066) = (2u — 1)(0.0049)

2 u

0.0132

= 2u—1=55049

= 2u—1 = 2.6939 = u = 1.847 hence x = x, + uh = 0.6 + (1.847)(0.05) = 0.6924

~ y is minimum when x = 0.6924 Putting u = 1.847 in (1), the minimum value of y

= 0.6 + (0.05)(-0.0066)+(0.05)(0.05-1)(0.0049)/2 = 0.6-0.00033-0.000116375= 0.5996
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Numerical integration

Numerical integration is the process of evaluating a definite integral f; f(x)dx from a set of known numerical

values of the integrand f (x). If it is applied to the integration of a single variable function, the process is known
as quadrature.

General quadrature formula for equidistant ordinates: - Let y = f(x) be a function which takes the values
Yo, Y1, V2, - Yn COrresponding to the values of the argument x, = a,x; =a+ h,x, =a+ 2h,..x, =a+nh =

b sothat b — a = nh. Then f;ydx=h[nyo +%2Ay0+(%3—%2)%+(n:4—n3+n2)%+---]

Proof) Divide the intervals [a b] into n subintervals of width h such that x, = a,x; =a+h,..x, =a+nh =
b

Approximating y by Newton’s forward difference formula, we get

b Xn=Xo+nh u(u—1) u(u—1)(u—-2)
j ydx = j [vo + uly, T A%y, + 30 A3y, + -+ ]dx
a Xq : :
Sinceu=""= yh=x—xy = x = Xy + uh = dx = 0 + hdu = dx = hdu

b n u(u—1 u(u—1Dwu -2
.[ ydx = .[ [vo + uly, +¥A2yo + ( 2( )A3yo + -+ Jhdu
a u=0

=h[" -1 (u-1)(u—2
=h [, _,[vo+udy, + WT)AZYO n MTW)Asyo +.]du

3

2 2\ A2 4 3 2\ A3 n
:h[uyOJru?AyoJr(u__u_)er(u__?%”% )er]
0

3 2/ 2 4 3!
— n? nd_n®\A%yo  (nt 3 2\ 2% o .
—h[ny0+2Ay0+(3 2) 2! +(4 n+n)3! + ]

b 2 3 2\ A2 4 3
n n°>  n°\ A%y, n 3 ,\A%Yo
Lydx—h[ny0+7Ayo+<?—7> T +<Z—n +n 3 + -]

The Trapezoidal rule: - Let y = f(x) be a function which takes the values y,, y1, ¥z, ... y», corresponding to
the values of the argument x, = a,x; =a+ h,x, = a+ 2h,..x, =a+nh =>b sothatb —a = nh. Then

b
h
f ydx = 5[()/0 +y) + 2+ Y2+t Ynog)]
a

Proof) Divide the intervals [a b] into n subintervals of width h such that x, = a,x; =a+h,..x, = a+nh =
b

The general quadrature formula is

2 3

*a n n3 n?\A? n* A3
f ydx:h[ny0+—Ayo+<———> y°+<—_n3+n2> y°+...]_,(1)
X 2 3 2 4

2! 3!
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Put n=1 in (1) and neglecting second and higher order differences,
X1 1 1 h
we get fxo ydx =h [3’0 +5A)’0] = h[y, +E()’o -y = ;[}70 + 1]l = (2)
For the next intervals [x; x,] we get f;f ydx = g[y0 +v:1 - (3)
For the last intervals [x,_; x,] we get f;n"_l ydx = %[y,,_1 + y.]l = (4)

Adding all these expression, we get

h h h
[olyde+ [Zyde e+ [0 yde=lyo +y] 5 +y2] + o 45 s + 2l

Xn h
] ydx:zb’o"‘%"‘)ﬁ"‘)’z+"'+Yn—1+3’n]
Xo

b h
j ydx =2 [(o + ¥n) + 20 +y2 + -+ yns)]
a

Simpson’s 1/3 rd rule: - Let y = f(x) be a function which takes the values y,, v, ¥5, ... v, corresponding to
the values of the argument x, = a,x; =a+ h,x, =a+ 2h,..x, =a+nh=>b sothatbh—a =
nh and n is even. Then

b
h
j yx =Z[(o+yn) + 202 + ¥4+ 4 yn2) + 401 + Y5+ F Yol
a
Proof) Divide the intervals [a b] into n subintervals of width h such that x, = a,x; =a+h,..x, =a+nh =
b so thatn is even.
The general quadrature formula is

Xn nZ n3 nZ Azyo n4- ASyO
fx ydx:h[ny0+7Ay0+<?_7> S +<Z_n3+n2> 5 +]1- ()
0

Put n=2 in (1) and neglecting third and higher order differences,

1 1 h
[ilydx=h [Zyo + 24y, + ;Azyo] =h [2yo +20n —y) +5; (2 =2y + yo)] =30 +4y1 +y.]1 = (2)

.. h n h
similarly [y dx =2 [yo + 4ys +yal o [;" ydx = yn_a + 4Vn 1 + Yl

n-1

Adding all these integrals, we get

Xn h
f ydx =§[yo +4y, +y, Yo+ 4y + Y+ Ypoo +4Vno1 + Ynl
Xo

b
h
f yx =z [(o+yn) + 202 + ¥4+ 4 yn2) + 401+ Y5+ F Yol
a
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Simpson’s 3/8 th rule: - Let y = f(x) be a function which takes the values y,, ¥, y,, ... , corresponding to

the values of the argument x, = a,x; =a+ h,x, =a+ 2h,..x, =a+nh=>b sothath—a =

nh and n is a multiple of 3. Thenf; ydx = % (Vo +y)+3+ Yy +ya+ys+ -+ Y1) +2(y3 +

Yo + Yo+t Yn_s]

Proof) Divide the intervals [a b] into n subintervals of width h such that x, = a,x; =a+h,..x, =a+nh =
b so that n is a multiple of 3.

The general quadrature formula is

Xn n? n3  n2\ A2 nt A3
| ydx=h[ny0+7Ayo+<———>7y°+<——n3+n2> 0t ()

3 2

Put n=3 in (1) and neglecting fourth and higher order differences,

9 27 9)A? 81 a® 2
oy =h[syo +3ay0+ (F=5) 5 + (5 -27+9) 52 = hl3yo + 300 —30) +

9 3 3h
Z()’z —2y; +Yo) +§(}’3 — 3y, +3y1 — ¥o) =§[)’o +3y1 + 3y, + ¥3]1 = (2)

. 3h n 3h
similarly [;°ydx = 2 [ys +3y4 +3ys + ¥l . [" ydx == [Ynos +3Vn2 +3¥n1 +nl

n-3

Adding all these integrals, we get

Xn 3h
j ydx = g[yo +3y;+3y, +y3+y3 +3ya +3ys +y6 + -+ Yn_3 + 3Yn_2 + 3yn-1 + ¥nl
Xo

b
3h
f ydx = g[(yo +Y ) +30 Yt Yatys+ ot Y1) F 23+ Ve Yo + o+ Vi3]

a

Weddle’s rule: - Let y = f(x) be a function which takes the values y,, ¥1, ¥, ... ¥, corresponding to the values
of the argument x, = a,x; =a+ h,x, =a+ 2h,..x, =a+nh=>b sothatb —a =

nh and n is a multiple of 6. Then f; ydx = % [(o+ Y, +ya+yg+-)+50+ys+y, +2)+
6(y3 +yo + ) + 2¥]

Proof) Divide the intervals [a b] into n subintervals of width h suchthat x, = a,x; =a+h,..x, =a+nh =
b so that n is a multiple of 6.

The general quadrature formula is

Xn n2 n3  n2\ Ay, nt A3y,
-’;c ydx:h["y”?Ay"Jr(?_?) TR WA R TR O
0

Put n=6 in (1) and neglecting seventh and higher order differences,

123
10

f;ifydx =h [6)/0 + 18Ay, + 27A%y, + 2403y, + — Ay, + %ASYO + ﬂAeyO]

140
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h
=i_0[YO+SY1+Y2+6Y3 + Y4 + 5y5 + Y6l

Slmllal’ly f;:zy dx = % [y6 + 5y7 + Vs + 6y9 + Y10 + 5y11 + )’12]

Xn 3h
f ydx = 10 [Vn-6 + 5Yn-5 + Yn—a + 6Yn_3 + Yn_2 + 5¥n_1 + ¥nl
X

n-—6

Adding all these integrals, we get

Xn 3h
j ydx=—8 [Vo + 5y1 + ¥2 + 6y5 + ¥4 + 5y5 + 2y6 + 5y; + yg + =+ + ¥ ]
X0

b 3h
s | ydx =1—0[(yo +Yatyatygt+ ) +5(n +ys+y; +) +6(y3 +yo+ ) + 2y6]
a

Trapezoidal rule:

1. Derive Trapezoidal rule?

2. Evaluate fos % by using Trapezoidal rule.

Sol)Herea =0,b=5n=5andy = f(x)—4x+5 -'-h=bn;a=5_T0=1
The values of x and y are tabulated below:
X 0 1 2 3 4 5
1 0.2 0.1111 0.0769 0.0588 0.0476 0.04
y= 4x + 5
Yo Y1 Y2 V3 V4 Vs

By Trapezoidal rule,

B8

h
(yo +y) 20ty ot Y] = [(yo +ys5) + 20 +y2 +y3 + )]

[(0.2 4+ 0.04) +2(0.1111 + 0.0769 + 0.0588 + 0.0476)] = 0.2672

va—x

2. Find the value of f; x? logxdx by taking4 strips and using trapezoidal rule.

b—a 7-

w

Sol)Herea=3,b=7,n=4andy = f(x) = x*logx sh=—=—7=1
The values of x and y are tabulated below:
X 3 4 5 6 7
y = x?logx 9.8875 22.1807 40.2359 64.5033 95.3496
Yo V1 Y2 Y3 BZ!
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By Trapezoidal rule,

7
h

h
fleC’QXdX = E[()’o +y) 2+ Y+t o)) = E[()’o +y4) + 201 + ¥y, +¥3)]

3

[(9.8875 + 95.3496) + 2(22.1807 + 40.2359 + 64.5033)] = 179.53845

N| =

3. Apply trapezoidal rule by dividing the range into 6 equal parts to find value of fon sinxdx

Sol)Herea = 0,b =m,n =6andy = f(x) = sinx h=br_l—a=nT_0=%
The values of x and y are tabulated below:
X 0 n n n 21 RY/4 T
6 3 2 3 6
y = sinx 0 0.5 0.866 1 0.866 0.5 0
Yo Y1 Y2 Y3 Va4 Vs Ye

By Trapezoidal rule,

A

h T
.[Sinxdx = E[()’o +y)+ 2ty oty = E[()’o +¥e) + 2+ Y2 + ¥z + Y +Ys)]
0

[(0+0)+2(0.5+0.866 + 1+ 0.866 + 0.5)] = 1.954

N =S

4. Evaluate f01(4x — 3x?)dx taking 10 intervals by trapezoidal rule.

Sol)Herea = 0,b = 2,n = 10and y = f(x) = 4x — 3x? ~h= — == 0.1
The values of x and y are tabulated below:
X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
y 0 0.37 0.68 0.93 1.12 1.25 1.32 1.33 1.28 | 1.17 1
Yo Y1 V2 V3 Va Vs Ve Y7 Vs Yo Y10

By Trapezoidal rule,
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1
h
f(4x - 3x2)dx = E[(yo + yn) + 2(}’1 + ) + -t yn—l)]
0

0.1
7[(3’0 +¥10) T 2Q0n + Y2t Y3+ Vs t Vs + Ve + Y7 +Ys + Vo)l

0.1
== [(0O+1)+2(0.37+0.68+ 093+ 1.12+ 125+ 1.32+1.33 +1.28 +1.17)]
= 0.05[1 + 2(9.45)] = 0.995

5. Evaluate f_zz ﬁ dt by using trapezoidal rule with nine points (i.e n=8 strips).

Sol)Herea=—-2b=2n=8andy = f(t) =—— ~h="2= =05

5+2t n 8

The values of x and y are tabulated below:

X -2 -1.5 -1 -0.5 0 0.5 1 15 2
y -2 -0.75 -0.333 | -0.125 0 0.08333 | 0.14286 | 0.1875 | 0.2222
Yo 1 V2 V3 Ya Vs Ve Y7 Vs

By Trapezoidal rule,

2
t h
[ (5555) @t = 5100 +3) + 200+ 5+ 4 3]
-2
0.1
=5 [0 +¥8) + 20 +y2 + Y3+ ya + 5 + ¥ +37)]

0.5
== [(—2 4+ 0.2222) + 2(—0.75 - 0.333 — 0.125 + 0 + 0.08333 + 0.14286 + 0.1875)]
= —0.8416

6. Evaluate | 0”/ ? sinxdx also compare with its exact value.

Sol) Herea = 0,b =g,n= 3andy = f(x) = sinx hzbn;azi—ozg
The values of x and y are tabulated below:
x 0 s T T
6 3 2
Yy = sinx 0 0.5 0.866 1
Yo V1 Y2 Y3

By Trapezoidal rule,
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Vs

h
fsinxdx =3 (o +yn) + 27+ Y2+ + -] =

0

T
E[()’o +y3) +2(y1 +y,)]
= % [0+ 1) +2(0.5 + 0.866)] = 0.9774

Exact value of f:/z sinxdx = [cosx] =—(0-1)=1

Hence Error = Exact value — Approximate value = 1.000-0.9774 = 0.0226

_ . p—b-a_6-0_
Sol) Herea = 0,b = 6,n = 6and y = f(x)—Hx2 ~h= —=— =1
The values of x and y are tabulated below:
X 0 1 2 3 4 5 6
y 1 0.5 0.2 0.1 0.0588 | 0.0385 | 0.027
Yo 1 Y2 Y3 V4 Vs Ye

By Trapezoidal rule,

6
,[ 1+x
0

h 1
= E[()’o +y)+2n + Y+t -] = 5[()’0 +¥e) + 20y + Y2 + Y3+ Y+ Ys)]

1 1
=3 [(1+0.027) +2(0.5+ 0.2+ 0.1 + 0.0588 + 0.0385] = 5(2.8216) =1.4108

8. Evaluate ||
= = = = _bza _1-0_1
Sol)Herea=0,b=1,n=6andy = f(x) = e ch=—=—=~
The values of x and y are tabulated below:
X 0 1/6 2/6 3/6 4/6 5/6 6/6
y 1 0.85714 0.75 0.66667 0.6 0.54545 0.5
Yo V1 Y2 V3 V4 Vs Ye

(i) By trapezoidal rule,
1
[
1+
0

1
=1 [(1+0.5) + 2(0.85714 + 0.75 + 0.66667 + 0.6 + 0.54545)] =

h 1
X = 5[(3/0 +y) 2 +y oty = E[()’o +¥e) + 201 +y2 + Y3 +ya +ys5)]

1
1 (8.33852) = 0.6949
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9. Evaluate folﬁdx by trapezoidal rule with h=0.125

So)Herea=0,b=1n=8andy=f(x) =~ ~h="2=22=0125
The values of x and y are tabulated below:
X 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1
y 1 0.8889 0.8 0.7273 | 0.6667 | 0.6154 | 0.5714 | 0.5333 0.5
Yo V1 Y2 V3 V4 Vs Ye Y7 Vs
By Trapezoidal rule fl(i)dx—ﬁ[( +y,)+2(y; +y, + -+ )]
y Irap o \Tix =5 1Wo T ¥n Y1 tY2 Yn-1
0.125
=— (G0 +¥8) +2(y1 +y2 +¥3 + ya + Y5 + ye +y7)]
0.125

=5 [(1+0.5) +2(0.8889 + 0.8 + 0.7273 + 0.6667 + 0.6154 + 0.5714 + 0.5333)] = 0.69413

10. Evaluate fon tsintdt using the trapezoidal rule.

Sol)Herea = 0,b =m,n = 6 and y = f(t) = tsint ~h =b;—a=%—0= <
The values of x and y are tabulated below:
X 0 n 21 3m it 5m i
6 6 6 6 6
y = tsint 0 0.2618 0.9069 1.5708 1.8138 1.309 0
Yo V1 Y2 V3 V4 Vs Ye

By Trapezoidal rule,

T

h T
f tsintdt = E[()’o +y) 20ty ot Y] = E[()’o +Ye) + 201 +y2 + Y3 + s+ ys5)]
0

s
=1 [(0+0) +2(0.2618 + 0.9069 + 1.5708 + 1.8138 + 1.309)] = 3.0695

11. From the following table, find the area bounded by the curve and the x-axis from x =7.47 to x =7.52

X 7.47 7.48 7.49 7.50 7.51 7.52
y=f(kx)| 1.93 1.95 1.98 2.01 2.03 2.06
Yo B4 Y2 V3 Vs Vs

Sol) Here h =0.01 and n =5. So we cannot use Simpson’s rule(both) or Weddle’s rule. Hence we will use
Trapezoidal rule.
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By Trapezoidal rule, we have

7.52

Required area =, ydx =§[(yo +y) + 201+ Y2+t )l = Ozﬂ [(Vo +¥s) +2(y1 + ¥, +y3 +
0.01 0.01

ya)l= - [(1.93 4+ 2.06) + 2(1.95+ 1.98 4+ 2.01 + 2.03)] = 7(19.93) = 0.09965

12. Evaluate f04 e*dx using Trapezoidal rule.

So)Herea=0,b =4n=4andy=f(x)=e* +h="t="2=1
The values of x and y are tabulated below:
X 0 1 2 3 4
y = e* 1 2.71828 7.3890 20.0855 54.5981
Yo 1 Y2 Y3 V4

By Trapezoidal rule, [, e¥dx = [(yo + ¥u) + 201 + ¥z + -+ Yu-1)] = 5[50 + ) + 2071 + 2 + )] =
~[(1 + 54.5981) + 2(2.71828 + 7.389 + 20.0855)] = 57.992

13. Evaluate fol cosxdx using h =0.2 by trapezoidal rule

Sol)Herea =0,b=1,n=5and y = f(x) = cosx h=—=-—=02
The values of x and y are tabulated below:
X 0 0.2 0.4 0.6 0.8 1
Y = CcOSx 1 0.9801 0.9211 0.8253 0.6967 0.5403
Yo V1 Y2 V3 V4 Vs

By Trapezoidal rule,

1

h 0.2
f cosxdx = E[()’o +y ) 2ty ot Y] = 7[()’0 +ys) + 2 +y2 +y3 + ya)l
0

0.2
== [(1+ 0.5403) + 2(0.9801 + 0.9211 + 0.8253 + 0.6967)] = 0.8387

14. Evaluate fon/z vcosxdx by divided the interval [0, %] into 6 points.

Sol) Herea = 0,b =g,n =6andy = f(x) = +cosx




The values of x and y are tabulated below:
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X 0 K 2m 3n i S om

12 12 12 12 12 12

y = /cosx 1 0.9828 0.9306 0.8408 0.7071 0.5087 0
Yo V1 Y2 V3 Va Vs Ve

By Trapezoidal rule,

/2

h T
] Veosxdx = 5[(3/0 +y) 2ty oty = ﬁ[()’o +¥e) + 21 +y2 ¥z + Y+ Ys)]
0

s
=22 [(1+0) +2(0.9828 + 0.9306 + 0.8408 + 0.7071 + 0.5087)] = 1.1697

15. Evaluate ff %dx by using trapezoidal rule with h =0.1

1

Sol)Herea=1,b =2,n=10andy = f(x) = = sh=—="7=01
The values of x and y are tabulated below:
X 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
y 1 0.8264 | 0.6944 | 0.5917 | 0.5102 | 0.4444 | 0.3906 | 0.3460 | 0.3086 | 0.2770 | 0.25
Yo Y1 Y2 Y3 V4 Vs Ye Y7 Vs Yo Y10
By Trapezoidal rule, fol (xl—z) dx = g (Vo + ) + 201 +y2 + - + Yn_1)]
0.1
—7[(3’0 +y10) 211+ Y2 +y3 + Ya + Y5 + Y6 +y7 + Y5+ ¥o)l
0.1
= [(1+ 0.25) + 2(4.3893)] = 0.5014
16. Evaluate fls logxdx taking 8 sub intervals correct to 4 decimal places by trapezoidal rule
Sol)Herea =1,b = 5,n =8and y = f(x) = log10¥*  ~h=""=>2=05
The values of x and y are tabulated below:
X 1 1.5 2 2.5 3 3.5 4 4.5 5
y 0 0.176 | 0.3010 | 0.3979 | 0.4771 | 0.5440 | 0.6020 | 0.6532 | 0.6989
Yo V1 Y2 Y3 BZ! Ys Ye Y7 Vg

By Trapezoidal rule, fol(log)dx = %[(y0 +y) 20 +y, + o+ Yool
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0.5

=— (o +ye) + 20 +y2 +y3 + 34+ s + Y6 +y7)]
0.5

== [(1+ 0.6989) + 2(3.1502)] = 1.9998
. , 1

Simpson’s 3 rd rule:

1. Evaluate ffidx by Simpson’sé rd rule with n = 4 and n = 8 subintervals respectively. Determine the
error by direct integration.

1 b—a 3—-1

SoI)Herea=1,b=3,n=4andy=f(x)=; .'-h=T=T=0.5
The values of x and y are tabulated below:
X 1 15 2 2.5 3
1 0.66667 0.5 0.4 0.33333
y==
X
Yo 1 Y2 V3 YVa

Simpson’sg rdrule is ff%dx = g (o +yn) + 202 +ya+ -+ yn2) + 4y +¥3 + -+ Y1l

h 0.5
= 3100 +y4) +2(72) + 401 +y3)] = —-[(1 + 0.33333) + 2(0.5) + 4(0.66667 + 0.4)] = 1.100002

C1b=3n=8andy=f()=> an="_2=3"1_5s
a=1,b=3,n=8an y—fx—x “h=——=—7—=0.
The values of x and y are tabulated below:
X 1 1.25 15 1.75 2 2.25 2.5 2.75 3
y 1 0.8 0.66667 | 0.57143 0.5 0.44444 04 0.36364 | 0.33333
Yo Y1 Y2 V3 YVa Vs Yo Y7 Vs

h
3

Simpson’s g rd rule is ff%dx =~ [o+y) +2(z + Y+ +yu2) + 4y +y3 + o+ Ynoql

= g[(yo +Yg) + 22+ ya+ Vs +Ys) +4(1 Y3 +ys +y,) = 0%5[(1 +0.33333) + 2(0.66667 + 0.5 +
0.4 + 0.33333) + 4(0.8 4+ 0.57143 + 0.44444 + 0.36364)] = 1.09873

By direct integration, we get ffidx = log3 —log1l = 1.098612

Error for h =0.5is |1.098612 — 1.100002| = 0.00139 and for h =0.25 is[1.098612 — 1.09873| = 0.000118

1
1+x2

2. Evaluate fol
of m.

dx by using Simpson’s g rd rule with 10 equal strips and deduce an approximation value
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Sol)Herea =0,b =1,n=10and y = f(x) = v sh=—=—2=01
The values of x and y are tabulated below:
X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
y 1 10.9901 | 0.96153 | 0.91743 | 0.86207 | 0.8 | 0.73529 | 0.67114 | 0.60976 | 0.55249 | 0.5
Yo Y1 Y2 Y3 Ya Ys Ve Y7 B4 Yo Y10
Simpson’s é rd rule is fol 1+1x2 dx = 2[(3}0 + V) 202t yat ot yn) 4ty o+ Yol
= 2[(3’0 +y10) 2002 +Va+ Y6 t ¥g) + 41 + ¥ + Y5 + y7 +yo) = 03;1 [(1+0.5) +2(0.0.96153 +
0.86207 + 0.73529 + 0.60976) + 4(0.9901 + 091743 + 0.8 + 0.67114 + 0.55249)] = 0.785398
By direct integration, we get folrlxzdx =[tan'x]j =tan"'1—tan"10 = %
s
i 0.785398 = m =~ 3.141592
3. Evaluate fol e*dx approximately in steps of 0.05 using Simpson’s 1/3 rd rule
Sol)Herea = 0,b = 1,n = 20and y = f(x) = e* ~h= b;—a = % = 0.05
The values of x and y are tabulated below:
X 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
y 1 1.0513 | 1.1052 | 1.1618 | 1.2214 | 1.2840 | 1.3499 | 1.4191 | 1.4918 | 1.5683 | 1.6487
Yo V1 Y2 Y3 Va4 Ys Ye Y7 Vg Yo Y10
x 0.55 0.6 0.65 |0.7 0.75 0.8 0.85 0.9 0.95 1
y | 1.7333 ] 1.8221 | 1.9155 | 2.0138 | 2.1170 | 2.2255 | 2.3396 | 2.4596 | 2.5857 | 2.7183
Y11 V12 Y13 V14 Y15 V16 Y17 V18 Y19 Y20

h
3

Simpson’s g rd rule is fol eXdx =—[(yo+yn) + 202 + Yo+ -+ yn2) + 41 +y3 + -+ Yol

h
=3[0 +¥20) +2(yz + ya + Y6 + -+ y13) + 4(y1 + Y3 +ys +y7 + - + yio)

0.05
=3 [(1+2.7183) + 2(15.3380) + 4(17.1796)] = 1.7185

4. Evaluate fol ﬁdx by using Simpson’s 1/3 rd rule

Sol) We divide the interval [0 1] into 6 (multiple of 3) subintervals So a = 0,b = 1,n = 6 and

1

J’:f(x)=1+—x

“~h=

n

b—a_1—0_005
20 0
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The values of x and y are tabulated below:

X 0 1/6 2/6 3/6 4/6 5/6 1
y 1 0.8571 0.75 0.6666 0.6 0.5454 0.5
Yo V1 Y2 V3 Va Vs Ve

Simpson’s é rd rule is folﬁdx = g[(yo + V) 202 tya + ot V) 4 s+t Y]

= 2[(o +¥6) + 202 + ¥a) + 401 + y3 + ¥5) = - [(1 + 0.5) + 2(0.75 + 0.6) + 4(0.8571 + 0.6666 +
0.5454)] = 0.6931

By direct integration, we get folﬁdx = [log(1 + x)]3 = log2 — log1 = 0.6931

5. Evaluate foﬂ/z VsinBd6 by using Simpson’s 1/3 rd rule with h :g

SOI)a=O,b=g,y=f(9)=\/sin6 -'-h=§
The values of x and y are tabulated below:
X 0 n 2n 3m AT
8 8 8 8
y 0 0.6186 | 0.8409 | 0.9612 1
Yo Y1 Y2 Y3 V4

Simpson’s g rdrule is fon/Z\/sianH = g[(yo + Y ) 20, tya ot yn) 4ty o+ Yol
= 2[00 + ) + 2(y5) + 4(yy +y3) = 2-[(0 + 1) + 2(0.8409) + 4(0.6186 + 0.9612)] = 11782

6. Evaluate f04 e*dx using Simpson’s 1/3 rd rule

Sol)Herea=0,b =4,n=4andy = f(x) = e* -'-hzbn;a=44;0=1
The values of x and y are tabulated below:
X 0 1 2 3 4
y=¢e* 1 2.71828 7.3890 20.0855 54.5981
Yo V1 Y2 Y3 BZ!

. , .4 h
Simpson’s = rd rule is [, e* = Z[(Vo + yu) + 20z + Y4 + -+ Ynz) + 40 + 3 + -+ Y]
= 2[(yo +¥a) + 2(72) + 4(y1 + ¥3) =3 [(1 + 54.5981) + 2(7.3890) + 4(2.71828 + 20.0855)]

= 53.8637
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7. Evaluate f17 i dx using Simpson’s 1/3 rd rule rule

So)Herea=1b=7n=6andy=f(x)=- ~h="%="==1
The values of x and y are tabulated below:
X 1 2 3 4 5 6 7
1 0.5 0.3333 0.25 0.2 0.1667 0.1429
y==
X
Yo 1 Y2 Y3 V4 Vs Ye

Simpson’s g rd rule is ffidx = 2 (Vo + ) +2(2 +ya+ -+ Yn2) + 41 +y3 + -+ Yn_4]

[(1+0.1429) + 2(0.3333 + 0.2) + 4(0.5+ 0.25 +

W=

h
=100 +¥6) +2(v2 + ¥2) + 401 + y3 +¥5) =
0.1667)] = (5.8763) = 1.9587

7
1
The Exact value of .[ ;dx = [logx]] = log7 = 1.9587
1

8. Evaluate flz X — idx by using Simpson’s 1/3 rd rule with 5 ordinates

So)a=1,b=2,n=4 y=f(x)= /x—% -'-h=b;—a=i=0.25

The values of x and y are tabulated below:

X 1 1.25 1.5 1.75 2
y 0 0.6708 | 0.9129 | 1.0856 | 1.2247
Yo Y1 Y2 V3 Vs

Simpson’s g rd rule is flz X ——dx= 2[(3/0 + Y ) 20, tya ot Yn) 4y o+ Yol

0.25
el

= 2[(310 +y,)+20,) +4(y; +y3) = (0+ 1.2247) + 2(0.9129) + 4(0.6708 + 1.0856)] = 0.8397
. , 3

Simpson’s s thrule

1. Find approximate value of fon/z Vcosfdo by Simpson’sg th rule, dividing the interval into six parts

Sol)Herea =0,b = g,n =6andy = f(0) =+cosb

The values of x and y are tabulated below:
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X 0 R 21 3n 4 5n 61

12 12 12 12 12 12

y = Vcoso 1 0.98282 0.93060 | 0.84090 0.70711 0.50874 0
Yo V1 Y2 V3 Vs Vs Ye

Simpson’s Z thrule is fon/z\/cosedé) = % (Vo +y) +3n+y2 +ya + s+ -+ Yp1) +2(ys + Y6 +
Yo + 4 Yn-s]

=200 +¥6) + 301 +¥2 + ya + ¥5) + 2(y3) = - [(1+ 0) + 3(0.98282 + 0.93060 + 0.70711 +
0.50874) + 2(0.84090)] = 1.185408

1
2. Use the Simpson’sg th rule to obtain an approximate value of f00'3(1 — 8x3)zdx.

b_ 3—
Sol)Herea = 0,b=03,n=3andy = f(x) = /(1 -8x%) ~h="2=22=01
The values of x and y are tabulated below:
X 0 0.1 0.2 0.3
y 1 0.9960 0.96747 | 0.88544
Yo V1 Y2 Y3

Simpson’s % thruleis f00'3 (1 —8x3dx = % (Vo + ) +3i+ Yy, +ys+ys+ -+ yu_1) +2(y3 +
Yo + Yo+ + Y3l

- % [V + ¥3) + 301 +¥2)] =2 [(1 + 0.88544) + 3(0.9960 + 0.96747)] = 0.291594

1

3. Evaluate f06 dx by using Simpson’s Z th rule

1+x2
— — — _ __1 W h=bza_60_
SOI)Herea—O,b—6,n—6andy—f(x)—1+x2 ~h= — == =1
The values of x and y are tabulated below:
X 0 1 2 3 4 5 6
y 1 0.5 0.2 0.1 0.0588 0.0385 0.027
Yo V1 Y2 Y3 Va4 Vs Ve

1
1+x2

Simpson’s = thrule is [ ——dx =2 [(yo + ¥u) + 301 + Y2 + Ya + Ys + -+ Yno1) + 2(y3 + Y + Yo +

o+ Yn-s]

= [0 + ¥6) + 301 + Y2 + ¥4 +¥5) + 2(y3) = 2[(1+0.27) + 3(0.5 + 0.2 + 0.0588 + 0.0385) +
2(0.1)] = 1.3732
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4. Obtain an approximate value of 7 from the equation = = !
4 0 14x2
Simpson’s g th rule with 9 ordinates.
— W h=bza_ 120
Sol)Herea=0,b=1,n=8andy = f(x) = 1+x2 sh=—=—-=0125
The values of x and y are tabulated below:
X 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1
y 1 0.9846 0.9412 0.8767 0.8 0.7191 0.64 0.5664 0.5
Yo 1 Y2 Y3 Va4 Vs Ye Y7 Vs
h
= 2o + ) + 30 + Y2 + Y + Y5 + -+ Yn) + 205 + Y6 + Yo +
-+ yn—S]

= 2[00 + ¥g) + 301 + ¥z + Ya + s + ¥7) + 203 +y6) = 252 [(1 4 0.5) + 3(0.9846 + 0.9412 +

0.8 + 0.7191 + 0.5664) + 2(0.8767 + 0.64)] = 22Z[16. 5673] = 0.77655

= [tan"'x]j =tan"'1—tan™10 = %

s
i 0.77659219 > m = 3.1062

5. Obtain an approximate value of  from the equation % =Jo 7
Simpson’s% and Z th rule with 7 ordinates.
— — — - _bza _1-0_1
Sol)Herea=0,b=1,n=6andy = f(x) = 1+x2 fh=—=—=~
The values of x and y are tabulated below:
X 0 1/6 2/6 3/6 4/6 5/6 6/6
y 1 0.9729 0.9 0.8 0.6923 0.5901 0.5
Yo V1 Y2 V3 V4 Vs Ye

h 1
=500 +¥6) +2(v2 +y4) +4(y1 +y3 +y5) = 5

0.5901)] = %[14.1366] = 0.785366

= [tan 1 x]} = ta

n11—tan"10 =%

T
i 0.785366 = m ~ 3.141464

[(yo +¥) + 2ty + ot ynn) 4 Yz + o+ Yl

[(1+0.5)+2(0.9 + 0.6923) + 4(0.9729 + 0.8 +
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. . 1
Simpson’s Z thrule is [, rlxzdx = % [Go+y) +31+y2+yatys + o+ Yno1) +2(¥3 + Y6 + Yo +
vt Yn-sl

=2 [0 +¥6) + 30 +y2 + ya +ys) + 2(y3) = —[(1+ 0.5) + 3(0.9729 + 0.9 + 0.6923 + 0.5901) +
2(0.8)] = —[12.5659] = 0.785368

1
1+4x2

By actual integration, f01 dx =[tan" x|} =tan"'1 —tan™10 = %

T
= 0.785368 = m ~ 3.141472

e

) : 1 .
6. Using Simpson’s 2 th rule, evaluate fo ﬁ dx with h = %

— — — — - Wh=bza_10_1
SoI)Herea—O,b—1,n—6andy—f(x)—1+x ch=—=—=-
The values of x and y are tabulated below:
X 0 1/6 2/6 3/6 4/6 5/6 6/6
y 1 0.85714 0.75 0.66667 0.6 0.54545 0.5
Yo 1 Y2 Y3 V4 Vs Ye

: : .1 h
Simpson’s % thrule is || ﬁdx = 3?[(yo +Y ) +30 Yyt Yatys+ o+ Y1) +2(y3 + Ve + Yo +
o Yuoa]

= % (Vo + V) +3(v1 + 2 + ¥4 +ys) + 2(y3) = i [(1+0.5)+3(0.85714 + 0.75 + 0.6 + 0.54545) +
2(0.66667)] = 1—16 [11.09111] = 0.69319

7. Using Simpson’s Z th rule, evaluate folﬁdx by dividing the interval [0 1] into 10 parts

= = = = -1 W h=bza_170_
SOI)Herea—O,b—1,n—10andy—f(x)_1+x “h= - _10_01
The values of x and y are tabulated below:
X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
y 1 0.9090 | 0.8333 | 0.7692 | 0.7143 | 0.6667 | 0.625 | 0.5882 | 0.5556 | 0.5263 | 0.5
Yo V1 Y2 Y3 BZ! Ys Ye Y7 Vg Yo Y10

Simpson’s = thrule is [j ——dx =2 [(yo + Yu) + 301 + Y2 +Ya + Vs + -+ Y1) + 203 + Yo + Yo +

=+ Yn-s]
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h .
z%[(% +¥10) 31+ Yo + Vst ¥s + ¥, +¥g) +2(V3 + Y6 + Vo) = %[(1*‘ 0.5) +
3(0.9090 + 0.8333 + 0.7143 + 0.6667 + 0.5882 + 0.5556) + 2(0.7692 + 0.625 + 0.5263)] =
% [18.1423] = 0.6803

2x

8. Evaluate by Simpson’s % thrule, ff dx with h = 0.25

1+x%
2x b-a 2-1

Sol)Herea=1,b=2,n=4andy = f(x) = = “h= — == 0.25
The values of x and y are tabulated below:

X 1 1.25 1.5 1.75 2

y 1 0.7264 0.4948 0.3372 0.2353

Yo - Y1 - Y2 Y3 Vs
. , 3 . 2 3

Simpson’s < thrule is [; 1+’;4 de=—[o+y) +30n+y2+ya+ys++yn-1) +2(y3 +¥s +yo +
o+ V3]

975 (1 + 0.2353) + 3(0.7264 + 0.4948) + 2(0.3372)] = 0.478

= 2[00 + ya) + 30 +¥2) +2(93)] =

9. Find the value of f37 x? logxdx by taking4 strips and using Simpson’s 2 thrule .

b—a

7-3

Sol)Herea=3,b=7,n=4andy = f(x) = x%logx sh=—=—=1
The values of x and y are tabulated below:
X 3 4 5 6 7
y = x2logx 9.8875 22.1807 40.2359 64.5033 95.3496
Yo V1 Y2 Y3 Va4

Simpson’s Z thrule is f37leogx dx =—[(o+¥) +301 +y2 +ys +ys + -+ yu_1) + 2(y3 + Y6 +

3h
8

Yo+ + Yn_3]

=2 (yo + y2) + 30, + y5) + 2(y5)] = ~[(9.8875 + 95.3496) + 3(22.1807 + 40.2359) + 2(64.5033)]

8
= 158.06
Weddle’s rule:

1. Derive Weddle’s rule?

1
1+x2

2. Apply Weddle’s rule to evaluate f06 dx by dividing the range into 6 parts.

1 b—a 6—-0
.'.h:—:—:]_

1+x2 n 6

Sol)Herea=0,b=6,n=6andy = f(x) =

The values of x and y are tabulated below:
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0 1 2 3 4 5 6
1 0.5 0.2 0.1 0.0588 0.0385 0.027
Yo V1 Y2 V3 Vs Vs Ye

By Weddle’s rule,

° 1 3h
] T2 =100ty tyatys+ ) +50n +ys +y; 4+ )+ 603 + 70+ 0) + 2ye]
0

3h
=15 (Vo +¥6) + 501 +¥5) + (¥2 + +y,) + 6y3]

3
=10 [(140.027) + 5(0.5 + 0.0385) + (0.2 + 0.0588) + 6(0.1) = 0.3[4.5783] = 1.3734

1

3. Apply Weddle’s rule to evaluate fol dx by taking h =1/6

1+x2
= = = = S Wp=bma_10_1
SOI)Herea—O,b—1,n—6andy—f(x)—1+x2 sh=—=—=="
The values of x and y are tabulated below:
x 0 1/6 2/6 3/6 4/6 5/6 6/6
y 1 0.9729 0.9 0.8 0.6923 0.5901 0.5
Yo Y1 Y2 Y3 BZ! Ys Ye

By Weddle’s rule,

6 1 3h
f 1+x2dx=ﬁ[(yo+yz +Yst+yg+ ) +501 sty + ) +6(yz + Yo + ) + 2y6]
0

3h

= 10 [(Vo +¥6) + 501 +¥5) + (v2 + +y,) + 6y3]

1 1
=20 [(1+0.5)+5(0.9729 + 0.5901) + (0.9 + 0.6923) + 6(0.8) = 20 [15.773] = 0.78865

4. Evaluate ff'z logxdx, using weddle's ru le.

Sol)Herea = 4,b =52,n=6andy = f(x) = logx ~h= b_Ta = 5'26_4 =0.2
The values of x and y are tabulated below:
X 4 4.2 4.4 4.6 4.8 5 5.2
y 1.3862 1.4350 1.4816 1.5261 1.5686 1.6094 1.6486
Yo V1 Y2 Y3 BZ! Vs Ve

By Weddle’s rule,




91

52 3h
f logxdx = 1—0[(3/0 +Y, Vs tygt ) +5( +ys +ys + ) +6(yz +yg + ) + 2Y6]
4

3(02)

=10 (Vo +¥6) + 51 +y5) + (2 + +y4) + 6y3]

0.6 0.6
=10 [(1.3862 + 1.6486) + 5(1.4350 + 1.6094) + (1.4816 + 1.5686) + 6(1.5261) = ) [30.4636]
= 1.8278

5. Evaluate fol ﬁ dx by using Weddle’s rule

— — — — — 1 Wh=bza_10_1
Sol)Herea—O,b—1,n—6andy—f(x)—1+x ~h= — ===
The values of x and y are tabulated below:
X 0 1/6 2/6 3/6 4/6 5/6 6/6
y 1 0.85714 0.75 0.66667 0.6 0.54545 0.5
Yo V1 Y2 Y3 V4 Vs Ye

By Weddle’s rule,

3h

1

1

j T X =100ty tyatyet )+ 50 +ys+ys+ ) +6(ys+yo+ ) + 2y
0

=20 [(Vo +¥6) + 501 +¥5) + (¥2 + +y,) + 6y3]

1 1
=20 [(1+0.5) +5(0.85714 + 0.54545) + (0.75 + 0.6) + 6(0.66667) = 20 [13.86297] = 0.6932

6. Evaluate f012 ydx using Weddle’s rule from the following table

X 0 2 4 6 8 10 12
y 0 22 30 27 18 7 0
Sol) we have h =2
X 0 2 4 6 8 10 12
y 0 22 30 27 18 7 0
Yo V1 Y2 Y3 BZ! Vs Ve

By Weddle’s rule,

12
fo ydx = 1

(o + Y2+ Ya+ys+-)+ 5 +ys +y;+ ) +6(y3 + Yo + ) + 2]
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3h

10 [(Vo +¥6) + 51 +¥5) + (V2 + +y,) + 6y3]

[355] =213

U1l W

6
=1—O[(0+0) +5(22+7) + (30 + 18) + 6(27) =
Errors in numerical integration:

1) The error in Trapezoidal rule is = —@hzf“(f) where x, < & < x,,

The error in the trapezoidal rule is of the order 4°

2) The error in Simpson’s 1/3 rd rule is = —%h‘*}f4 (&) wherexy, <& < x,

The error in the Simpson’s 1/3 rd rule is of the order 4*

3) The error in Simpson’s 3/8 th rule is = — (96”8—?‘))}14]“4 (&) wherexy, <& < x,
The error in the Simpson’s 3/8 th rule is of the order n*

4) The error in Weddle’s rule is = —%hﬂ“(f) where x, < & < x,

The error in the Weddle’s rule is of the order 4°

1. Calculate fol :1)6 dx using trapezoidal rule, Simpson’s 1/3, 3/8 rules and Weddle’s rule and compute the
errors.

Sol) For trapezoidal rule, the range is to be divided into any number of equal parts, for Simpson’s 1/3. 3/8 rule
and Weddle’s rule the range is to be divided into even, multiple of 3 and multiple of 6 equal parts.

= = - = =1 Wp=bma_10_1
Herea—O,b—1,n—6andy—f(x)—1+x ~h= — ===
The values of x and y are tabulated below:
X 0 1/6 2/6 3/6 4/6 5/6 6/6
y 1 0.85714 0.75 0.66667 0.6 0.54545 0.5
Yo V1 Y2 Y3 BZ! Vs Ve

(1) By trapezoidal rule,

1
1 h 1
[ (52) dx = 3100+ 70 + 200 + 32 + 4 7 ] = 15100 + 30 + 200 + 72 + 33 + 31 + 3]
0
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1 1
=12 [(1+0.5) +2(0.85714 + 0.75 4+ 0.66667 + 0.6 + 0.54545)] = E(8'33852) = 0.6949

The error in Trapezoidal rule is = —@hzf“(f) where xo < § < xp,

—1/1\* 2
=E<E) —(1+5)3 [ f11(x)—(1+ )3] wherex, <é<x,=0<¢&<1

2 2
When & = 0 then the error is 11(1) 2_ -1 (l) 2_ = 0.004629

2\6/ (1+&)3 12 \6/ (1+0)3

2 2
When ¢ = 1 then the error is —(3) —2 == (%) 2 = 0.0005787

2\6/ (1+&)3 12 \6/ (1+1)3

Hence the error lies in between 0.0005787 and 0.004629

- : ot h
(i) Simpson’s % rd rule s [, ﬁdx =3[0+ y) + 202 +ys+ -+ Yn2) + 401 +y3 + - + ynal

= g[(y0 +¥6) + 202 + ya) + 41+ y3 +¥5) = —[(1+0.5) + 2(0.75 + 0.6) + 4(0.8571 + 0.6666 +
0.5454)] = 0.6931

The error in Simpson’s 1/3 rd rule is = — (x’;;g‘)) W FA(E) wherex, <& < x,
_1(1) 24 [ 4(x) = ] h <E< 0<é<1
~180\6) (1+&)s T (1+ 5] Wherexo <§ <xp =0<¢

n\* 24 1 \* 24 1

When & = 0 then the error is E (g) s s E(E) (17007 = 180,51 = 0.0010
n\* 24 1 1\* 24 1

When & = 1 then the error is E (g) s s E(E) D7 = Tsoxsanz 0.00003

Hence the error lies in between 0.00003 and 0.0010
(iii) Simpson’s = th rule is [ ——dx =2 [(Vo + ) + 301 + Y2 + ¥a + Y5 + -+ Yna) + 203 + Y6 +
Yo+t Yn_3]

= % (Vo +¥6) +3(y1 +¥2 + ya +y5) + 2(y3) = i [(1+0.5) +3(0.85714 + 0.75 + 0.6 + 0.54545) +
2(0.66667)] = i [11.09111] = 0.6932

The error in Simpson’s 3/8 th rule is = —%h‘}f“(f) where x, < & < x,

—_1(1>4 24 [ t(x) = ] h <é< 0<é<1

~80\6) (1+¢)° RS (1+ x| Wherexo <& <xn=0<¢
o1\t e am\* 22 1

When ¢ = 0 then the error is g(g) o 80 (E) o — owsa = 0.0002
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4 4
When ¢ = 1 then the error is —(3) —e5 = () mors = sz = 0.00006

6/ (1+&)° 80 \6/ (1+1)3 80x5432

Hence the error lies in between 0.00006 and 0.0002

(iv) By Weddle’s rule,

S| 3h
j T X =100ty tyatyet )+ 50 +ys+ys+-)+6(ys+yo+ )+ 2y
0

=35 (Vo +¥6) + 501 +¥5) + (¥2 + +y,) + 6y3]

1 1
=30 [(1+0.5) +5(0.85714 + 0.54545) + (0.75 + 0.6) + 6(0.66667) = 20 [13.86297] = 0.6932

The error in Weddle’s rule is = —%h%%f) where x, < & < x,

_—1(1)6 720 [ 7 x) = 720 ] " e rer —0<i<l
~840\6) (1+¢)7 PO = 7| whereXo <§ < xp =0<¢
.1 (1\° 720 1 (1\® 720 1
When & = 0 then the error is ™ (g) e %(E) r0)” = saoxeis 0.00001
.1 (1\® 720 1 (1\® 720 1
When § = 1 then the error is — (g) e %(g) 1+ — s0xeasxizs 0.0000001

Hence the error lies in between 0.0000001 and 0.000001
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Numerical solution of ordinary differential equations

Numerical solution of ordinary differential equations: -The solution of an ordinary differential equation in
which x is the independent variable and y is the dependent variable usually means an explicite for expression
for y in terms of a finite number of elementary functions of x i.e. polynomial, trigonometric or an exponential
function. If such an explicit relation is found then the solution is known as the finite form of solution. In the
absence of such solution we need a numerical method of solution.

Methods: -

1. Taylor’s series

2. Picard’s method of successive approximations

3. Euler’s method

4. Modified Euler’s method

5. Runge-Kutta method

. Taylor’s series method: -To find the numerical solution of differential equation % = f(x,y) -
(1) withy(xe) = yo

y(x) can be expanded about the point x, in a Taylor’s series in powers of (x — x,) as

(x — xo) (x — x0)? (x — x0)? (x — %)

() = y(xo) + 7y (00 + y11(x,) + = Y111 (x,) + N YV (x0) + - — (2)

Where y(x,) is the it" derivative of y(x) at x = x,. Substitute these values in (1)

Ifwe let (x — xy) = h (i.e.x = x; = xy + h we can write the Taylor’s series as

h | h? 11 h? 111 h* v
Y(x):}’(xo)‘FFy (%)‘F?J’ (%)"‘;y (%)"‘Zy (x0) + -

h 2 h.3 4
i.e.y; = y(xo) +?y1(xo) +?y11(xo) + ;ylll(xo) +Zylv(xo) + e

Picard’s method of successive approximation method: -
Consider the differential equation Z—i’ = f(x,y) » (1) withy(xy) =y, = (2)

It is required to obtain the sol of (1) subject to the condition (2)

The equation is dy = f(x,y)dx. Integrating this equation in the interval (x,, x) we get

J

ay= [ fuyar=s e, = [ f@0Ex =@ -yGo) = [ fouyax

X=Xo
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= y(x) = y(x,) + f;of(x, y)dx — (3) puty =1y, in R.H.S of (3) we get

= y1(x) = y(xo) + f;cof(x, Vo) dx puty =y, in R.H.S of (3) we get

= 30 =) + [ feuydx

X0

X
= Y1 () = y(xg) + jf(x, yo)dx  where n=0,1,2,3, ..

X
Euler’s method: - Consider the differential equation % = f(x,y) withy = y, whenx = x, = (1)
To solve (1) for the values of y at x = x; where x; = x, +ih i =1,2,3,...
Integrating (1) we get y; = y, + f;; f(x,y)dx
In the range x, < x < x; put f(x,y) = f(xo, Vo) in above equation
Y1=Y t f;;lf(xo;%)dx = Yo + (x1 — x0)f (X0, ¥0) = Yo + hf (x0,¥0) (usex; —xo=h)
Similarly in the range x; < x < x, we have y, = y; + hf (x4, 1)
Proceeding in this way finally we have y,., = y,, + if (x,,,y,)  wheren =0,1,2, ...

The Euler formula is v,41 = y, + hf (X, )  wheren = 0,1,2, ...

Note: -Euler’s method is Runge-Kutta method of first order.

Modified Euler’s method: - Consider the differential equation % = f(x,y) withy =y,

whenx = x, — (1)

Integrating (1) from x, to x; we get f;;l dy = f;ol flx.y) = ylx) —ylxg) = f;olf(x, y) dx

y(x) = y(xo) + [ f(x,y) dx

Approximating the integral by trapezoidal rule we get y;, = y, + % [f(xo,v0) + f(x1,y1)] Where x; —xq = h

3’1(0) = yo + hf (x0,¥0)
(€Y) h 0)
Y17 =Y t+ 5 [f (x0,¥0) + f(xl'% )]
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h
1P =y, + 2 [f (x0,¥0) + f(xl'yl(l))]

h
2

Y1 D =y + 2 [f(x0,¥0) + f(x1,¥,™)] wheren = 0,1,2, ... If two successive values of y; ™, y,

(n+1) a

re

. d .
close to one another, we will take the common value as y,. now we haveﬁ = f(x,y) withy =y, whenx =

x1. To gety; = y(x,) = y(x; + h) we use the above procedure again.

Modified Euler’s method is

y, D) =y, + g [ (x0,v0) + f(x1, y1™)] wheren =0,1,2, ...

Note: - Modified Euler’s method is Runge-Kutta method of second order
Runge-Kutta methods: -

First order Runge-Kutta method is y, = y, + hk; where k; = f(xq, yo)
Second order Runge-Kutta method is y; = y, + é ki + k5]

where k; = hf(xy,y,) and k, =hf(xy+ h,yo + kq)

Third order Runge-Kutta method is y; = y, + % ki + 4k, + kg

kq

h
where k; = hf(xy,y,) and k, =hf (xo + =, Y +—> ks =h f(xo+h,yo+ 2k, — ky)

2 2

Fourth order Runge-Kutta method is y; = y, + é ki + 2k, + 2k5 + kg

h k
where ky = hfGro.yo),  and ky = hf (xo +2,50 +22),

h k
ks =hf(x0+§,yo+72) ks =hf(xo +hyo+ ki)

Problems: -Picard’s method:

1. Explain the Picard’s method of successive approximation?
2. Solve Z—z = 2x — ywith x, = 0,y, = 3 by using Picard’s method
Sol) Givenxy, =0, y, =3 andZ—Z =2x—y=f(x7y)

Picard’s formula is
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Vi1 () = y(xo) + ff(x, yo)dx  where n=0,1,2,3,.. > (1)

X0

Putn = 0in (1) = y,(x) = yo + J £, y0)dx = y;(x) = 3 + [ (2x — yo)dx
X xz x
zyl(x)=3+j(2x—3)dx=3+2l?l —3[x]§ =x?>—-3x+3
0 0
Putn =1in (1) = y,(x) =y, + foxf(xo;)ﬁ)dx = y,(x) =3+ fox(zx —y1)dx

= y,(x) = 3+j(2x)—(x2 34 3)dx
0

r 21 (23] 5x2 «x3
=3+'[(5X—X2—3)dx=3+5l?l —l?l —3(x)6‘=>y2(x)=7—?—3x+3
0 0 0

Putn=2in(1) = y;(x) =y, + foxf(x, y)dx = y3(x) =3 + fOx(Zx — y,)dx

r 5«3 5 1
:y3(x)=3+f(2x)— —x?———3x+3 dx=3+f(5x—§x2+—x3—3)dx
0 0

2 3 3
x? 5 x3 x* x
=3+[5'T§'?+§ Z_3L
5 5 1
— 2 _ _ 43 I
= y3(x) Sx2 =X’ + 5t —3x+3

3. Solve z—i = xy + 1 with y(0) = 1 by using Picard’s method

Sol) Givenx, =0, y, =1 andz—i/=xy+ 1=f(xy)

Picard’s formula is
X

Vi1 () = y(xo) + ff(x, yn)dx — where n =0,1,2,3,.. - (1)
Xo
Putn=0in(1) =2 y;(x) =y, + foxf(x,yo)dx >y, =1+ fox(xy0 + 1)dx
P 2 x 2
X X
:»yl(x)=1+f(x+1)dx=1+l7+xl =1+x+7
0 0

Putn =1in (1) = y,(x) =y, + f(;xf(x' ydx = y,(x) =1+ f;(x% + Ddx
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X

+ x
0

i) w1|ar =14 + L
X X 3 X = )

O\ﬁk

:>y2(x)=1+f <1+x+ >+1]dx=1+
0

()—1+ +_2+_3+_1 4
= =
v (x xt—+5+gx

Putn =2 in (1) = y;(x) = yo + [ f(r,y2)dx = y3(x) = 1+ [ (xy, + Ddx

= y3(x) = 1+f0x[x(1+x+x2+x£+éx4)+1]dx= 1+f0x(1+x+x2+x3+§x4+%x5)dx
ﬁyg(x)—1+x+ x? 42 x + - x + x +—x

4. Solve Z—i =x —y withy = 1 when x = 0 also find y(0.2) by using Picard’s method

Sol) Givenxy, =0, ypo=1and f(x,y) =x —y

Picard’s formula is

V1 () = y(xy) + ff(x, yo)dx  where n=0,1,2,3,.. - (1)

X0

Putn=0in(1) = y;(x) =y, + foxf(x,yo)dx =y @) =1+ fox(x — Yo)dx
X xz

x
XZ
:yl(x)=1+f(x—1)dx=1+[7—xl =1—x+7
0

Putn = 1in (1) = y,(x) = yo + J, f(x,y1)dx = y,(x) = 1 + [ (x — y;)dx

:y2<x)=1+fx[x (1—x+ )l x‘“fx[ 2= g ‘1)]“"‘”[2%2‘22)"‘]:

x3

:>y2(x)=1—x+x2—€

Putn=2in(1) = y;(x) =y, + foxf(x, y)dx = yz(x) =1+ fox(x — y,)dx

— x 2 _ % — x 2,13
= y3(x) =1+ [ [x—(l—x+x —?)]dx—1+f0(—1+2x—x +-x%)dx
:»y3(x)=1—x+x2—§x3+ix4

When x = 0.2, the successive approximations of y are given by y, = 1,y; = 0.82,y, = 0.83867,

y; = 0.834740
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5. Solve Z—i =y with y(0) = 1 by Picard’s method and compare the solution with the exact solution.

Sol) Givenxy =0, yo =1and f(x,y) =y

Picard’s formula is

X
Vi1 () = y(xy) + jf(x, yo)dx  where n=10,1,2,3,.. > (1)

X0

Putn = 0in (1) = y,(x) = yo + [ (6, y)dx = y;(x) = 1 + [ (y)dx
=y, (x) = 1+](1)dx= 1+x

0
Putn =1in (1) = y,(x) = yo + [y fGo,y)dx = y,(x) =1+ [; (y)dx

X
1
:yz(x)=1+f(1+x)dx=1+x+§x2
0

2

x
:yz(x)=1+x+7

Putn=2in(1) = y;(x) =y, + foxf(x,yz)dx =y;(x) =1+ fox(yz)dx
2 2
>y =1+ (1+x+5)dx=1+x+Z+ 2%

o x2 1 .1,
similarly y,(x) =1 +x+i+§x +Ex

Exact solution: The given differential equation is

d d d
%:y:%zdx:'f?yzfdx:>logy=x+c:>y=ex+c

= y = ke* where k is an arbitrary constant
Substituting the initial values x = 0,y = 1,we get k =1

The Exact solution is y = e* which has the expansion
L x x% x3 x*
y=e —1+E+§+§+Z+'“

The Picard’s solution is same as the first five term of the exact solution.

6. Find the value of y for x = 0.1 by Picard’s method given that Z—Z =22 y0)=1

y+x
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Sol) Given x, = 0, y, = 1 and f(x,y) = 2=

y+x

Picard’s formula is

Vi1 () = v(xo) + jf(x, yo)dx  where n=0,1,2,3,.. > (1)

Xo
Putn =0in (1) = y,(x) = y, + foxf(x,yo)dx >y,(x)=1+ fox (i—i)dx =1+ fg(—l +ﬁ)dx

> y;(x)==1+[-x+2log(l+x)]F=1+[-x+2log(1+x)]=1—x+2log(1 +x) - (1)

1-x+2log(1+x) —x)
1-x+2log(1+x)+x

Putn =1in (1) = y,(x) =y, +f0xf(x,y1)dx='y2(x) = 1+f0x(

X

:yz(x)=1+j[1

0

2x
1+ 2log(1+ x)

] dx = which is very dif ficult to integrate.

Hence we use the 1 st approximation. Taking x = 0.1 in (1), we get y,(0.1) = 1 — 0.1 + 2log(1 + 0.1)
y,(0.1) = y(0.1) = 1 — 0.1 + 21log(1.1) = 0.9 + 2(0.0414) = 0.9828

7. Solve the equation y! = x + y? subject to the condition y = 1 when x = 0 using Picard’s method.
Sol) Givenx, =0, y, = 1 and f(x,y) = x + y?

Picard’s formula is

X
Ve () = y(xg) + ff(x, y)dx  where n=0,1,2,3,... - (1)

X0

Putn = 0in (1) = 3, (x) = yo + [ £, ¥0)dx =y, (x) =1+ [ (x + y,2)dx

2

X
X
=>y1(x)=1+f(x+1)dx=1+x+7
0

Putn = 1in (1) = y,(x) = yo + [y fGe,y1)dx = y,(6) = 1+ [ (x +y,2)dx

:»yz(x)=1+jf

x2\? r x*
x+<1+x+7> dx=1+f[x+<1+x2+z+2x+x3+x2>dx
0

X
= ()—1+f 1+ 3x+2x%+ 3+x4 dx =1+ +3 2+2 3+1 4+1 >
Vo(x) = b b b 1 X = X 2x 3x 4x 2Ox
0
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2
8. Obtain Picard’s second approximation solution of the initial value problem Z—z =21 y(0)=0

Sol) Givenx, =0, y, = 0and f(x,y) =

2+1

Picard’s formula is

Vi1 () = v(xo) + jf(x, yo)dx  where n=0,1,2,3,.. > (1)

Xo

Putn = 0in (1) = 3 () = yo + 7 f(r,y0)dx 532 () = 0+ [ (A=) de = 0+ [ () e

1
=>y,(x)==0 +jx2dx = §x3
0

Putn = 1in (1) = y,(x) = yo + J; flx,y)dx = y,(x) = [ | =7 | dx

(%) +1

x3 x3
to integrate ,put 3=t 3x%dx = 3dt > x?dx =dt whenx =0thent =0and x = x thent = 3

x3/3

x% ]dt 3 x3
0
dy

9. Obtain Picard’s second approximation solution of the initial value problem i

=x%2+4+y?% y(0)=0
Sol) Givenxy, =0, y, = 0 and f(x,y) = x? + y?

Picard’s formula is

VYns1(X) = y(xo) + ff(x, yn)dx  where n=10,1,2,3,.. - (1)

X0

Putn=0in(1) =2 y;(x) =y, + foxf(x,yo)dx =>y,(x) =0+ fox(x2 + yo2)dx

3

= y,(x) = f(x2 +0)dx = %

Putn = 1in (1) = ,(0) = yo + J} . y)dx = v,() = [ [ + ( ]dx—i+g

Putn =2 in (1) = y5(x) = yo + [ f(x,y,)dx
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, %3 x72 X3 x7  2xll x15
X+ |=—+—= dx =—+—+

X

= y3(x) =f

0

3 63 3 63 2079+59535

Taylor’s method:

1. Explain the method of solving the differential equation Z—z = f(x,y) with y(x,) =

Yo by Taylor's series method

2. Solve Z—i =1+ xyand y(0) =1i.e. y, =1 using Taylor’s series method and compute y(0.1)
Sol)Givenyl=1+xy - (1)

Differentiating (1) w.r.to ‘x’ successively, we get

Y =xyl +y 5 (2), y™ =xy! +y! +y! = xy!1 +2y1 5 (3)

y¥ = xy1t 4+ y11 4 2911 = xy111 4 3911 - (4) and so on.

We have x, = 0,y, = 1 substituting these values in (1),(2),(3),(4) we get

Yol =%Yoo +1=0+1=1 Yol = x0¥0t +y,=0+1=1

Yo't = xo¥o't 2y, =0+2(1) =2 yo" = xo¥0" +3y,"t = 0+3(1) =3

By Taylor’s series formula is
(x — xo)
1!

(x — x0)?
2!

(x — x0)?
3!

(x — x0)*

4' ylv(x0)+"'

y(x) = y(xo) + y1(xo) + y(xo) + y 1 (xo) +

()_ _|_£ 1_|_’f_2 11_|_x_3 111_|_x_4 Wy ..
YXJ)=Yo T Vo 7 Yo 51 Yo a o

_ _ (0.1)2 (0.1)3 (0.1)* _
Vi = y(O.l) =1+ (0.1) + — (1) + e (2) + a (3)+:-=1+4+0.1+0.005+ 0.00033 + 0.0000125

=1.1053425~1.1053
3. Evaluate y(0.2) correct to four decimal places by Taylor’s series method if y* = 1 — 2xy with y(0) =0
Sol) Givenyl =1—-2xy - (1)
Differentiating (1) w.r.to ‘x’ successively, we get
yl = —2xyl — 2y > (2), y'!1 = —2xy!l — 2y1 — 2yt = —2xyll — 4y! > (3)
y1v = —2xy11l — 2911 — 4911 = _2xy111 — 6y11 - (4) and so on.
We have x, = 0,y, = 0 substituting these values in (1),(2),(3),(4) we get

y01=1—2x0y0=1—()=1 y011:_2x0y01_2y0:0+0:0
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Yo't = —2xqyo!t — 4yt =0—4(1) = —4  y" = —2x0),""" — 6y =0~ 6(0) =0

By Taylor’s series formula is

(x — xo) (x — x¢)? (x — x0)3 (x = x0)*
y(0) = y0xo) + 7y (o) + -y (o) + gy o) + ey () +
x x? x3 x*
y(x) = yo +ﬂy°1 + Eyo11 + g)’om + EYOIV o

y1=02) = 0+(02) + 2= (0) + O2- (—4) + ©2°(0) + - = 0.2 - 0.005333 = 0.194667 ~ 0.1947

4. Evaluate y(0.4) correct to four decimal places by Taylor’s series method if y* = x2 + y2 with y(0) = 0
Sol) Giveny! = x%2+y2 - (1)

Differentiating (1) w.r.to ‘x’ successively, we get

yt=2x+2yyt - (2), y't=2+2yy" +20')2 - (3)

y¥ =0+ 2yyttt 4+ 2ytyll 4 491yl = 29y111 4 6y1y1l 5 (4) and so on.

We have x, = 0,y, = 0 substituting these values in (1),(2),(3),(4) we get

Yo' = (%0)*+ (15)>=0+0=0 Yo' = 2x0+ 2y5yy' =0+0=0

Yol = 24+ 20yt + 2112 =2+2(0)+0=2 ¥, = 2y0¥," +6¥0' ¥, =0+6(0) =0

By Taylor’s series formula is

(x — xo) (x — xo)z (x — xo)3

(x — x0)*

y(x) = y(xo) + 1 y(xo) + o yH(xo) + 30 y (o) + 41 vV (xo) + -
x xZ 3 x4-
y() = yo +3y¥o’ + Yot Foryettt Ayt 4
2 3 4
y1 =y(04) =0+ (04)(0) + =2 (0) + 22 (2) + 225 (0) + - = 22 = 0.02133

5. Evaluate y(0.1) and y(0.2) correct to four decimal places by Taylor’s series method if y! = x% +
y? withy(0) =1

Sol) Givenyt = x2+y% - (1)

Differentiating (1) w.r.to ‘x’ successively, we get

yt=2x+2yyt - (2), y"=24+2yy" +20")7 - (3)

y¥ =0+ 2yy11l + 2ylyll 4 491yl = 2yy111 4 6y1y1l - (4) and so on.
We have x, = 0,y, = 1 substituting these values in (1),(2),(3),(4) we get

3’01 = (xo)z + (J’o)z =0+1=1 YOM = 2x¢ + 2)’0)’01 =0+2(1)(1) =2
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Yol = 24+ 2y0¥0" + 201012 =2+ 2R+ 2(1) =8 ¥o'" = 2y, + 6301y, = 2(8) +
6(1)(2) = 28

By Taylor’s series formula is

(x — xp) (x — x0)? (x — x0)3 (x — x)*
Y0 = y0xo) + 7y (o) + -y (o) + gy ) + ey () +
x x? x3 x*
Y =yo+ Yot +oyyott + gyttt vt 4

y1= 0.0 =1+ 0.1 + 22 @) + 2 (8) + %2 (28) = 1+ 0.1+ 0.01 +0.00133 + 0.0003417
= 11116717 = 1.1117
y, =y(0.2) =1+ (0.2)(1) + @ (2) + @ (8) + % (28) = 1+ 0.2 4+ 0.04 4+ 0.01067 + 0.001867
=1.252537~1.2525
6. Find y(0.1) correct to four decimal places by Taylor’s series method if y* = x — y?, y, = 1 whenx, = 0
Sol) Givenyl = x —y? - (1)
Differentiating (1) w.r.to ‘x’ successively, we get

y'=1-2yy' > (2), y" =0-2yy" -2(y")* > (3)

1,,11

ylv — _Zyylll _ Zy y _ 4y1

yit = —2yy11t — 6yly!l - (4) and so on.

We have x, = 0,y, = 1 substituting these values in (1),(2),(3),(4) we get
Yo' =% — (¥)*=0-1=-1 Yo't =1=2y,y0" =1-2(1)(-1) =3

Yo't = =2y0¥o™ = 2(ye)? = —2(DB) - 2(-1) =-8 y,’' = —23703’0111 - 63’013’011 =-2(-8) —
6(—1)(3) =34

By Taylor’s series formula is

(x — xg) (x — x¢)? (x — x¢)3 (x — x0)*
y(0) = ylee) + -y (o) + -y o) + 5y (o) + Ty () +
x x? x3 x*
YO =yo + 7Yl F oyt Fogyyet +rye't o

_ _ (0.1)2 @ _ (0.1)* 1 _
y(O.l) =1+ (0.1)(-1) + . (3) + . (-8) + a (34)=1-0.1+0.015—-0.00133 + 0.0001417

=0.9138117 ~0.9138




106
7. Find y(0.2) correct to four decimal places by Taylor’s series method if y* = x + y?%, y, = 1 whenx, =0
Sol) Givenyl = x+y? - (1)
Differentiating (1) w.r.to ‘x’ successively, we get
y'=1+2yy' > (2), ¥ =0+2yy" +2(y)* > (3)
y1¥ = 2yy111 4 2yl 4 491yl = 293111 4 6yly1l 5 (4) and so On.
We have x, = 0,y, = 1 substituting these values in (1),(2),(3),(4) we get
Yo' =%+ (0)?=0+1=1 Yo't =1+ 2yy," =1+ 2(1)(1) =3

111

Yol = 2030 +2(3o1)? = 2(1)(3) +2(1)2 =8 ¥, = 2y,¥0 ! + 6y, v, = 2(8) + 6(1)(3) = 34

By Taylor’s series formula is

M 1( 0)+

T (x = x0)° y11(x,) + (x — x0)3y111(x0) n (x — x0)*

1
21 31 o Y (o)

y(x) = y(xo) +

2 3 4

X X
y() =yo+ 7%’ T TG T RGP

= ©02)* ©2)° ©2)* -
y(0.2) =1+ (0.2)(1) + . 3) + A (8) + s (34) =1+0.2+0.06 + 0.01067 + 0.002267

=1.272937 = 1.2729
8. Find y(0.2) correct to four decimal places by Taylor’s series method if y* = x + y2, y, = 0 whenx, = 0
Sol) Givenyl = x+y? - (1)
Differentiating (1) w.r.to ‘x’ successively, we get
yH=142yyt > (2), y* =0+2yy" +201)* - 3)
y1v = 2yy11l 4 2ylyll 4 491yl = 29111 4 6y1y11 5 (4) and so on.
We have x, = 0,y, = 0 substituting these values in (1),(2),(3),(4) we get
Yo' =%+ (0)?=0+0=0 Yo't =1+ 2y,y0" =1+ 2(0)(0) =1
Yol = 2y0¥0™ +2(%)% = 2(0)(1) +2(0)2 =0, Yo' = 2ypy0™ + 651y = 2(0) + 6(0)(1) = 0
By Taylor’s series formula is

(xz—!x())yl(xo) +

(x — x0)*

(x — xo) y11(x,) + (x — xo) =

2! 3!

52 x3 4
11 111

y(x) = y(xo) + y11(x,) + yW(xy) + -

Y=o+ Y TR
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¥(02) = 0+ (0.2)(0) + 2= (1) + ©2°(0) + 2% (0) = 0+ 0+ 0.02 + 0 + 0 = 0.02

9. Find v(0.1) correct to four decimal places by Taylor’s series method if y = x +y, y, = 1 whenx, =0
Sol) Givenyl = x+y - (1)

Differentiating (1) w.r.to ‘x” successively, we get

yh=14yt =), =04yt - (3)

y =yt - (4) and so on.

We have x, = 0,y, = 1 substituting these values in (1),(2),(3),(4) we get

Yo'l =x+y,=0+1=1 Yo' =1+y,'=1+1=2

Yol = ylt =2 v = y, 111 =2

By Taylor’s series formula is

76 = yGeo) + E Iy 4 EEI e N iy G0N vy
y(x) =y, +%}’01 + ;—jyo” + J;—jyom + z—jy&v + -

= (CED ©1)° (CED -
y(0.1) =1+ (0.1)(1) + . (2) + ” (2) + s (2)+--=1+0.1+0.01+ 0.000333 + 0.0000083

= 1.1103413 =~ 1.1103
9. Find y(0.2) correct to four decimal places by Taylor’s series method if y! =1 —y, vy, = 0 whenx, =0
Sol)Givenyl= 1—-y - (1)
Differentiating (1) w.r.to ‘x’ successively, we get

yh==y'=>@2) ¥y =-y"->(@3)
y1¥ = —y111 - (4) and so on.

We have x, = 0,y, = 0 substituting these values in (1),(2),(3),(4) we get

11 —

Yor=1-y=1-0=1 Yot ==yt = -1

111 — 11 — _q

Yo _3’011 =-1 )’olv = Yo

By Taylor’s series formula is

(x — xo)
1!

(x — x0)?
2!

(x — x0)°
3!

(x — x0)*

4! ylV(xO)-i_...

y(x) = y(xo) + yi(xo) + y1(xo) + y(x) +
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x 2 3 4

X X X
y(x) =y, +EYO1 + E)’oll + g}’olll + ZYO“/ +

y(0.2) =0+ (02)(1) + 2= (=1) + ©2- (-1) + ©2°(=1) + - = 0 + 0.2 ~ 0.02 — 0.00133 — 0.000067
= 0.178603 = 0.1786

10. Using Taylor’s series method, find the solution of the initial value problem y! = x + y,

y(1) =0 atx = 1.2,with h = 0.1 and compare the result with the exact solution.

Sol) Givenyl = x+y - (1)

Differentiating (1) w.r.to ‘x’ successively, we get

Yyl = 14yl 5 (2), yHl=0+y!l 5 (3)

y¥ =yl - (4) and so on.

We have x, = 1,y, = 0 substituting these values in (1),(2),(3),(4) we get

Yol=xo+y,=1+0=1 Yoll=1+y,t=14+1=2

Yol = y, 11 =2 y,lV= y,111 =2

By Taylor’s series formula is

(x — x) (x — x0)? (x — x0)3 (x — x0)*
y@) = (o) + -y (o) + 5y (o) + gy (o) + Ty (o) + o
— —1)2 —1)\3 —_1\4
y(x) = yo + E Ryt + E Ryt 4 Byt p By v
1.1-1 1.1-1)2 1.1-1)3 1.1-1)*
y(1.1)=1+(f)(1)+%(2)+( c ) (2)+( >4 ) (2) +

= (CEY (CEDN (CEY -
y(0.1) =0+ (0.1)(1) + . (2) + - (2) + ” (2)+:-=04+0.1+0.01 +0.000333 + 0.0000083

= 0.1103413 = 0.1103

_ (0.2)2 (0.2)3 (0.2)* _
y(0.2)=0+(02)(1)+——(2) + 2) + (2)+--=0.2+0.04+0.002667 + 0.0001333
2 6 24

= 0.2428003 ~ 0.2428
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Euler’s method:

1. Explain the method of solving the differential equation Z—i’ = f(x,y) with y(x,) = y,by Euler's method

2. Solve y! = x + y,y(0) = 0 choose h=0.2 and compute y (0.4) y(0.6) by Euler’s method

Sol) Given y!=x+y = f(x,y) xo =0,y = 0and h=10.2
The Euler formula is y,, 41 = ¥ + hf (x, v,) — (1) wheren =0,1,2, ...
putn=0in (1), y; =y, + hf(xe,¥0) = y1 =0+ 0.2(xo + yo) =0

Xo

Yo

X1

0.2

V1

0.4

0.04

Y2

X3

0.6

0.128

V3

Hence ,y, = y(0.4) = 0.04 and y; = 0.128

3. Solve y! = x +y,y(0) = 1 and compute y(0.05) y(0.1) by Euler’s method
Sol) Given y' =x+y = f(x,y) xo = 0,9, = 1 and take h = 0.05

The Euler formula is y,, ;1 = v, + hf (x, v,) — (1) wheren =0,1,2, ...
putn=0in (1), y; = yo + hf(xe,y0) = y1 =1+ 0.05(x, + yo)

=1+0.050+0)=1

Xo

Yo

X1

0.05

Y1

X2

0.1

1.0525

Y2

n=1in(1),y, =y, +hf(xy,y1) =y, =1+ 0.05(x; +y;) =1+ 0.05(0.05+ 1) = 1.0525

Hence ,y; = y(0.05) = 1 and y, = y(0.1) = 1.0525

4. Solve y! = x +y,y(0) = 1 choose h=0.05 and compute y(0.3) by Euler’s method

Sol) Given yl!=x+vy = f(x,y) xg=0,y, = 1 and h = 0.05

The Euler formula is y,4+1 = yn + Af (X, v) — (1)  wheren =10,1,2, ...

putn=0in (1), y1 =¥ + hf(x0, y0) = y1 =1+ 0.05(xo + ¥o)
=1+0.05(0+1)=1.05

n=1in(1),y, =y, + hf(x1,y,) = y, = 1.05 + 0.05(x; + y,)

= 1.05 + 0.05(0.1 + 1.05) = 1.1075

Xo

Yo

0.05

1.05

Y1

X2

0.1

1.1075

Y2

X3

0.15

1.1704

V3

0.2

1.2391

Y4

Xs

0.25

1.3136

Vs

X6

0.3

1.3918

Ve

n=2in(1),y; =y, + hf(x5,y,) = y; = 1.1075 + 0.05(x, + y,) = 1.1075 + 0.05(0.15 + 1.1075)

= 1.1704

n=3in(1),y, =y; + hf(x3,v3) =y, = 1.1704 + 0.05(x5 + y3) = 1.1704 + 0.05(0.2 + 1.1704)

= 1.2391
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n=4in(1),ys =y, + hf (xs,y,) = ys = 1.2391 + 0.05(x, + y,) = 1.2391 + 0.05(0.25 + 1.2391)
= 13136

n=5in(1),vs = ys + hf (xs,v5) = ¥s = 1.3136 + 0.05(x5 + ys) = 1.3136 + 0.05(0.25 + 1.3136)
=1.3918

Hence y, = y(0.3) = 1.3918

5. Solve y! = x + y,y(0) = 1 choose h=0.1 and compute y(0.3) by Euler’s method

Sol) Given y! =x+y = f(x,y) xo =0,y =1and h=0.1

Xo 0 1 Yo
x; (01 )11 V1
Xy, | 0.2 | 1.22 Yo
x5 | 0.3 | 1.362 | y;

The Euler formula is y,, 41 = yn + hf (x, v,) — (1) wheren =0,1,2, ...

putn=0in (1), y; = yo + hf (xo,¥0) = y1 = 1+ 0.1(x, + ¥,)

=140104+1) =11
n=1in(1),y, =y, + hif(x,y1) =y, = 1.1+ 010, +y;) = 1.1 +0.1(0.1 + 1.1) = 1.22
n=2in(1),ys =y, + hf (x5, v,) = y3 = 1.22 + 0.1(x, + y,) = 1.22 + 0.1(0.2 4+ 1.22) = 1.362
Hence y; = y(0.3) = 1.362

6. Solve y = x + y,y(0) = 1 choose h=0.1 and compute y(0.5) by Euler’s method

Sol) Given y!=x+y = f(x,y) xo =0,y =1and h= 0.1

The Euler formula is y,, 41 = v + hf (x, v,) — (1) wheren =0,1,2, ... x [01]11 "

X, | 0.2 | 1.22 Vo
x3 | 0.3]1362 | y;

X | 0.5 | 1.7110 | ye

putn=0in (1), y; =vo + hf (x0,y0) = y1 =1+ 0.1(x + y,)

n=1in(1),y, =y, +hf(x,y1) =y, = 1.1+ 0.10x; +y,)

=11+0.1(01+1.1)=1.22
n=2in(1),y; =y, + hf Gtp, v,) = ys = 1.22 + 0.10x, + y,) = 1.22 + 0.1(0.2 + 1.22) = 1.362
n=3in(1),y, = ys + hf(xs3,y3) = y, = 1.362 + 0.1(x5 + y3) = 1.362 + 0.1(0.3 + 1.362) = 1.5282
n=4in(1),ys =y, + hf (X, y5) = ys = 1.5282 + 0.1(x, + y,) = 1.5282 + 0.1(0.3 + 1.5282) = 1.7110
Hence ys = y(0.5) = 1.7110
7.S0lve y! = x+y+ xy, vy(0) =1 choose h=0.025 and compute y(0.1) by Euler’s method
Sol) Given y! =x+y+xy = f(x,¥) xo =0,y = 1 and h = 0.025

The Euler formula is y,, 41 = ¥ + hf (x, v,) — (1) wheren =0,1,2, ...
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putn = 0in (1), y; =y + hf (x5, ¥o) = y1 = 1 + 0.025(xy + Vo + x¢V0)

X y
=1+40.025(0+ 1+ 0) = 1.025 Xo | 0 1 Yo
x; | 0.025 | 1.025 |y,
n=1in(1),y, =y, + hf(x;,y1) = y, = 1.025 + 0.025(x; + y; + x,V;) X2 1005 11.0519 |y,
x5 | 0.075 | 1.0808 | y,
= 1.025 + 0.025(0.025 + 1.025 + 0.025(1.025) = 1.0519 X4 | 0.1 1.1117 | y,
n=3in(1),y, = y3 + hf (x3,y3) = y, = 1.0808 + 0.025(x3 + y3 + x3y5) = 1.1117
Hence y, = y(0.1) = 1.1117
8.Solve y! =x +y+xy, y(0) =1 choose h=0.05 and compute y(0.3) by Euler’s method
9. Solve y! = % y(0) = 1 and compute y at x=0.1 in five steps by Euler’s method
Sol) Given f(x,y) = ;’% xo = 0,y, = 1 number of steps is 550 h = % = 0.02
The Euler formula is y,, 41 = v, + hf (x, v,) — (1) wheren =0,1,2, ... x y
X 0 1 Yo
putn=0in (1), y; =yo + hf(x9,y0) = y; =1+ 0.02 [i’%] x; | 0.02 | 1.02 Y1
o x, | 0.04 | 1.0392 | y,
— 14002 (ﬂ) — 102 x3 | 0.06 | 1.0577 | v,
140 x, |0.08 |1.0738] y,
xs | 0.1 |1.0910 | ys
. 1.02-0.02
n=1in(1),y;, =y +hf(x,y1) = y, = 102+ 0.02 (2222) = 10392
2in (1) + hf( ) 1.0392 + 0.02 (1'0392 — 0'04) 1.0577
= = =y, =1. . =1.
n=2in(1),ys =y, +hf(x2,52) = s 1.0392 + 0.04
3in (1) + hf( ) 1.0577 + 0.02 (1'0577 — 0'06) 1.0738
= = = = 1. . = 1.
n=3in(1),y,=ys +hf x5 5) = 3 1.0577 + 0.06
4in (1) + hf( ) 1.0738 + 0.02 (1'0738 — 0'08) 1.0910
= = = vy: = 1. . =1.
n=4im(D),ys =y, +hf (e ya) = ys 1.0738 + 0.08

Hence ys = y(0.1) = 1.0910

10. Solve y! = % y(0) =1 and compute y at x=0.1 in 4 steps by Euler’s method. Ans: y(0.1)=1.0932

11. Solve y! = ﬁ y(0) = 1 and compute y at x=0.6 and taking h=0.2 by Euler’s method

Sol) Given f(x,y) =22 x,=0,y, =1 and h = 0.2

y+x




x y
X 0 1
112 0 Yo
) x; | 0.2 1.2 V1
The Euler formula is y,, 41 = ¥ + hf (x, v,) — (1) wheren =0,1,2, ...
x x, |04 [13429 | y,
putn=0in (1), y; =yo +hf(xo,¥0) 2y =1+0.2 [;’OTXO] =1+
1-0) _ x3 | 0.6 1.4508 V3
0.02 (1) = 1.2
. 1.2-0.2
n=1in(1),y, =y +hfGe,1) =y, = 12+ 0.2 (To02) = 13429
2in (1) + hf(x272) 1.3429 + 0.2 (1'3429 — 0'4) 1.4508
= = >y, =1. 27— =1
n=2in(l).ys =y, + hf(x2,52) = 73 13429 + 0.4
Hence y; = y(0.6) = 1.4508
12. Solve y* = x + y2,y(0) = 1 and compute y(0.1 to 0.5) by Euler’s method
Sol) Given y! =x+y = f(x,y) xo =0,y =1and h=0.1 2 Y
. xXg | O 1 Yo
The Euler formula is y,, 41 = v, + hf (x, v,) — (1) wheren =0,1,2, ...
x1 10111 V1
i 0.2 | 1.231
putn=0in (1), y; =y, + hf (x0,vo) = y1 = 1+ 0.1(xy + yo?) Z 0.3 [ 12005 i;
=14+010+ (1)) =11 X4 | 0.4 16292 | y,
xs | 0.5 | 1.9346 | s

n=1in(1),y, =y, + hf(x,y1) 2y, = 1.1+ 0.1(x; + y,2)

=1.1+0.1(0.1 + (1.1)2) = 1.231

n=2in(1),y; =y, + hf(xs,y,) = y; = 1.231 4+ 0.1(x, + y,2) = 1.231 + 0.1(0.2 + (1.231)?) = 1.4025

n=3in(1),y, =y; +hf(x3,v3) =y, = 1.4025 + 0.1(x5 + y32) = 1.4025 + 0.1(0.3 + (1.4025)?)

= 1.6292

n=4in(1),ys =y, + hf (xg,y,) = ys = 1.6292 + 0.1(x, + v,2) = 1.6292 + 0.1(0.4 + (1.6292)2)

= 1.9346
Hence ys = y(0.5) = 1.9346
13. Solve y! =1 +y? y(0) = 0 and compute y at x=0.3 by Euler’s method
Sol) Given f(x,y) =14+y? x,=0,y,=0 andh = 0.1
The Euler formula is y,4+1 = yp + Af (X, v) — (1)  wheren =10,1,2, ...
putn=0in (1), y; =yo+hf(xe,¥0) >y =0+0.1(1 + yoz) =0.1(1+0)=0.1
n=1in(1),y, =y, + hf (x;,y,) = y, = 0.1+ 0.1(1 + (0.1)?) = 0.201
n=2in(1),y; =y, + hf(x,,y,) = y; = 0.201 + 0.1(1 + (0.201)% = 0.3050

Hence y; = y(0.3) = 0.3050

X y
Xo | O 0 Yo
x; |01 |01 Vi
x, | 0.2 |0.201 | y,
x3 | 0.3 | 0.3050 | y;
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14. Solve y = —y  y(0) = 1 and compute y at x=0.2 by Euler’s method

Sol) Given f(x,y) =—y x,=0,yo=1 andh =0.1

The Euler formula is y,, 41 = ¥ + hf (x, v,) — (1) wheren =0,1,2, ... x y
X0 0 1 Yo
putn=0in (1), y; =yo+hf(xg,¥0) 2y =1+ O.1(—y0) =1+0.1(-1)=09 x; |01 |09 V1
x, | 0.2 |081 |y,
n=1in(1),y, =y, + hf (xy,y;) >y, = 09+ 0.1(—-0.9) = 0.81
Hence y, = y(0.2) = 0.81
15. Solve y! =1 —y y(0) = 0 and compute y at x=0.3 by Euler’s method
Sol) Given f(x,y) =1—y x,=0,y,=0 and h = 0.1
The Euler formula is y,, 41 = v + hf (x, v,) — (1) wheren =0,1,2, ... x y
Xo | O 0 Yo
putn=0in (1), y1 =yo + hf(xo,y0) >y1=0+01(1—y,) =0.1(1-0) =0.1 x, |01 |01 v,
] X, | 0.2 |0.19 V>
n=1in (1),_’)/2 =W + hf(xl,yl) = Yo = 0.1+ 01(1 - 01) = 0.19 X3 0.3 0.271 Y3
Hence y; = y(0.3) = 0.271
16. Solve y' + 2y =0 y(0) = 1 and compute y at x=0.3 by Euler’s method
X y
Sol) Given f(x,y) = =2y x,=0,y, =1 and h = 0.1 X |0 |1 Yo
x; | 0.1 |0.8 V1
The Euler formula is y,41 = yn + hf O, yn) — (1) X, |02 | 064 |y,
x; |03 | 0512 | ys
wheren =0,1,2, ...
putn=0in (1), y; =yo +hf(xo,y0) = y1 =1+ 0.1(—2y0) =1+01(-2)=0.8
n=1in(1),y, =y, + hf(xy,y;) = y, = 0.8 + 0.1(—2(0.8)) = 0.64
n=2in(1),y; =y, + hf (x5, y,) = y; = 0.64 + 0.1(—2)(0.64) = 0.512
Hence y; = y(0.3) = 0.512
17. Solve y! = x? — y,y(0) = 1 and compute y(0.4) by Euler’s method
Sol) Given y!=x2—y = f(x,y) xo =0,y = 1and h=0.1 o Y
. Xo | O 1 y
The Euler formula is y, 11 = ¥, + hf (xn, y,) — (1) wheren = 0,1,2, ... x(l) REY yi’
_ . _ — 2 _ Xy 0.2 | 0.811 Vo
putn=0in (1), y; =y + hf(xp,¥0) = y1 =1+ 0.1(x* — yo) %3 | 0307339 | ys
=1+01(0-1) =09 X4 | 04 | 0.6695 | Yy
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n=1in(1),y, =y, + hf (x;,y1) = y, = 0.9 + 0.1(x;2 — y,)
=09+ 0.1((0.1)2 —0.9) = 0.811
n=2in(1),y; =y, + hif (X5, y,) = y5 = 0.811 + 0.1(x,% — y,) = 0.811 + 0.1((0.2)? — 0.811) = 0.7339

n=3in(1),y, = vs + hf (x5, 5) = y5 = 0.7339 + 0.1(x52 — y5) = 0.7339 + 0.1((0.3)% — 0.7339)
= 0.6695

Hence y, = y(0.4) = 0.6695

18. Solve y! =1 — 2xy,y(0) = 0 and compute y(0.4) by Euler’s method

X Yy
Sol) Given yt =1 —-2xy = f(x,v) xo = 0,y, = 0 and take h = 0.1 X0 |0 |0 Yo
x; 10.1]0.1 V1
The Euler formula is y,, 41 = v + hf (x, v,) — (1) wheren =0,1,2, ... x, | 0.2 0198 |y,
x3 | 0.3 | 0.2901 | y3
putn=0in (1), y; = yo + hf (xo,¥0) =2 y1 = 0+ 0.1(1 — 2xy,) X4 | 0.4 | 0.3727 | y,

=0+ 0.1(1-2(0)) = 0.1
n=1in(1),y, =y, + hf (xy,y1) 2y, = 0.1 + 0.1(1 — 2x,y,)
= 0.1+ 0.1(1 — 2(0.1)(0.1)) = 0.198

n=2in(1),y; =y, + hf(xs,y,) = ys = 0.198 + 0.1(1 — 2x,y,) = 0.198 + 0.1(1 — 2(0.2)(0.198))
= 0.2901

n=3in(1),y, =vs + hf(xs,y5) = y, = 0.2901 + 0.1(1 — 2x3y5) = 0.2901 + 0.1(1 — 2(0.3)(0.2901))
= 0.3727

Hence y, = y(0.4) = 0.3727
19. Solve y! =1 — 2xy,y(0) = 0 and compute y(0.6) taking h=0.2 by Euler’s method

Sol) Given yl =1 —-2xy = f(x,¥) xo = 0,y, = 0 and take h = 0.2

The Euler formula is y,.1 = y,, + Af (¢, ) — (1) wheren = 0,1,2, ... d Y
Xo | O 0 Yo

utn=0in (1), =y, + hf(x, =2y, =0+ 0.2(1 - 2x
p (D, y1 =0 f(x0,Y0) = ¥4 ( 0Yo) %, | 040384 |y,

=0+0.2(1—-2(0)) =0.2 x5 | 0.6 | 0.5226 | y3

n=1in(1),y, =y, + hf (xy,y1) @y, = 0.2+ 0.2(1 — 2x,y,)
=0.2+0.2(1 = 2(0.2)(0.2)) = 0.384
n=2in(1),y; = y, + hf (x5,¥2) = y3 = 0.384 + 0.2(1 — 2x,y,) = 0.384 + 0.2(1 — 2(0.4)(0.384))

= 0.5226
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Hence y; = y(0.6) = 0.5226

X Yy
20. Solve y! = —y  y(0) = 1 and compute y at x=0.04 with h=0.01 by X | 0 1 Yo
Euler’s method. compare the result with exact solution. x; | 0.01 |0.99 Y1
x, | 0.02 | 0.9801 | y,
Sol) Given f(x,y) =—y x,=0,y, =1 and h = 0.01 x3 | 0.03 | 0.9703 | y;3
x, | 0.04 | 0.9606 | y,

The Euler formula is y,, 41 = ¥ + hf (x, v,) — (1) wheren =0,1,2, ...
putn=0in (1), y1 = yo +hf(x0,¥0) = y1 =1+ 0.01(=y,) = 1+ 0.01(=1)
=0.99

n=1in(1),y, =y, + hf (xy,y,) = y, = 0.99 + 0.01(—0.99) = 0.9801
n=2in(1),ys =y, + hf (xs,y,) = y5 = 0.9801 + 0.01(—0.9801) = 0.9703
n=1in(1),y, = ys + hf (xs3,y5) = y, = 0.9703 + 0.01(—0.9703) = 0.9606
Hence y, = y(0.04) = 0.9606 — (1)

Exact solution: Giventhat y* = —y y(0) =1
d d
ylz—y $7y=—dx i.f?yz—fdx:}logy:_x+C=>y=e—x+C=ke—x_>(2)

Initial conditionisy =1 whenx =0

From (1), we have k=1

Equation (1) becomes y = e ™™ = y(0.04) = e~ %%* = 0.9608 - (3)

Comparing approximate result (1) and exact solution (3), we observe that they agree up to 3 decimals.

Modified Euler’s method:

1. Explain the method of solving the differential equation Z—z = f(x,y) with y(x,) = y,by modified Euler’s
method.

2. Solve y! = x? + y with y(0) = 1 and find y (0.1) using modified Euler’s method with h=0.05

Sol) Given f(x,y) =x*+y,xo=0,y, =1,h = 0.05 and f (x4, y,) =1

Euler’s formula gives y;(® = y, + hf (%0, y,) = 1 + 0.05(1) = 1.05

x; | 0.05 | 1.0531 | y,
X, | 0.1 | 1.1055 | y,

From the modified Euler’s formula,

h
3’1(n+1) =Yt 2 [f(xo;)’o) + f(xl,yl(”))] wheren =0,1,2, ...

h 0.05
7@ =yo + 2 [f(o,y0) + f(x,51?)] = 1+ ——=[1+(0.05)* + 1.05] = 1.0513125
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h 0.05
9, @ =y, + o [f(x0,y0) + fxp, y1 V)] =1+ ——[1+(0.05)% +1.0513125] = 1.05134531

Since the values of y; ™, y; @ are equal, we take y; = y(0.05) = 1.0513

Now with x; = 0.05,y; = 1.0513 and taking h = 0.05

(n+1) h (n)
y2 = yl + E [f(xll yl) + f(x2l y2 )] Wh'ere n= 0J1J2J
We have f(x;,y;) = (0.05)? + 1.0513 = 1.0538

¥, =y, + hf(xy,y,) = 1.0513 + 0.05(1.0538) = 1.104

h 0.05
y, D =y, + > [f ey, y1) + £ (2,9, @)] = 1.0513 + T[1.0538 +(0.1)% + 1.104] = 1.1055

h 0.05
y,® =y, + > [f ey, 1) + £ (0,9, )] = 1.0513 + T[1.0538 +(0.1)% + 1.1055] = 1.1055

Since the values of y,(, y,® are equal, we take y, = y(0.1) = 1.1055

3. Solve y! = x2 + y with y(0) = 1 and find y (0.02) using modified Euler’s method with h=0.01

Sol) Given f(x,y) =x?2+vy,xo =0,y =1,h =0.01 and f(x,,y,) =1 . Y

Xg | O 1 Yo

> : ) — — —
Euler’s formula gives y;(°) = y, + hf (x9,y,) = 1+ 0.01(1) = 1.01 % | 001 | 10101 | y,

x, | 0.02 | 1.0204 | y,

From the modified Euler’s formula,

h
y, D =y, + 2 [f(xo;}’o) + f(xl,yl(”))] wheren =0,1,2, ...

h 0.01
y D =y, + 5 [f(x0,y0) + fox, y1@)] =1+ — -1+ (0.01)? + 1.01] = 1.0100505

h 0.01
y, P =y, + 5 [£(x0,y0) + fox, y1 V)] =1+ T[1 +(0.01)2 +1.0100505] = 1.01010025

Since the values of y; ™, y, @ are equal, we take y; = y(0.05) = 1.0101

Now with x; = 0.01,y; = 1.0101 and taking h = 0.01

h
y, D =y, 4 5 [f (e, y1) + f(x2,y.™)] wheren =0,1,2, ....

We have f(x;,y;) = (0.01)? + 1.0101 = 1.0102
y, =y, + hf(x;,y,) = 1.0102 + 0.01(1.0102) = 1.02

h 0.01
v,V =y, + 2 [£ e, y1) + f(x2,9,@)] = 1.0102 + T[1.0102 +(0.02)% + 1.02] = 1.020353
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h 0.01
y,® =y, + > [f ey, 1) + £ (x5, 9, P)] = 1.0102 + T[1.0102 +(0.02)% + 1.020353] = 1.02035476

Since the values of y,(V, y,(® are equal, we take y, = y(0.02) = 1.0204
4. Solve y! = x? + y with y(0) = 1 and find y (0.04) using modified Euler’s method with h=0.02

Sol) Given f(x,y) =x2+y,x0=0,y, =1,h = 0.02 and f (x4, v,) =1

Euler’s formula gives y, 9 = y, + hf (x,y,) = 1 + 0.02(1) = 1.02

X y
From the modified Euler’s formula, Xo |0 1 Yo
x1 | 0.02 | 1.0202 | y4
h
3D = yy 2 [£ G 30) + £ (e, ™)] wheren = 0,12, .  [00s 10408 |5,

h 0.02
7@ =y +5[fCro,y0) + £ (42,5 )] = 1+ —=[1 4 (0.02)? + 1.02] = 1.0202

h 0.02
1@ =yo +5[fGoy0) + f(xu 7 D)] = 14+ =11+ (0.02)? + 1.0202] = 1.0202

Since the values of y; ™, y, @ are equal, we take y; = y(0.05) = 1.0202

Now with x; = 0.02,y; = 1.0202 and taking h = 0.02

h
2" =y 45 [f G, y0) + £ (2,5, ™)] wheren =012, ...

We have f(x;,y;) = (0.02)2 + 1.0202 = 1.0206

¥,@ =y, + hf (e, y1) = 1.0202 + 0.02(1.0206) = 1.0406

h 0.02
y, D =y, + 5 [£ O y1) + (32,92 9)] = 1.0202 + T[1.0202 + (0.04)% + 1.0406] = 1.0408

0.02
¥, @ =y, + = [flx, y1) + f(x2,y,P)] = 1.0202 + T[1.0202 + (0.04)% + 1.0408] = 1.0408

h
2
Since the values of y,(, y,(® are equal, we take y, = y(0.04) = 1.0408
5. Solve y! = x + y with y(0) = 1 using modified Euler’s method .Show that y (0.05)=1.052564
Sol) Given f(x,y) =x+y,x,=0,y, =1,h =0.05and f(xq,y,) =1

Euler’s formula gives y;(® = y, + hf (%0, y,) = 1 + 0.05(1) = 1.05

From the modified Euler’s formula, X y
Xo | O 1 Yo
Y, D =y 4 % [£ (x0,v0) + f (1, y.™)] wheren =0,1,2, ... x; | 0.05 | 0.052564 | y,
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h 0.05
7@ =y +5[fCroy0) + f(x0,5:7)] = 1+ —=[1+0.05 + 1.05] = 1.0525
, h 0.05
n® =y +5 [f (o, v0) + fx, 31 P)] =1+ ——[1+0.05 +1.0525] = 1.0525625

h 0.05
7@ =y +5[fCro.y0) + f(x,5:®)] = 1+ —=[140.05 + 1.0525625] = 1.052564

h 0.05
7@ =y +5[fCro.y0) + f(x,5:®)] = 1+ —=[1+0.05 + 1.052564] = 1.052564

Since the values of y; @), y, ® are equal, we take y; = y(0.05) = 1.052564

6. Solve y! =log(x + y ) with y(0) = 1 and find y(0.2) using modified Euler’s method .

Sol) Given f(x,y) =log(x +y),xo =0,y =1,h =0.2 and f(xy,y,) =0

X Yy

Euler’s formula gives y, @ = y, + hf (xg, yo) = 1 + 0.2(0) = 1 % {011 Yo

uler’s formula gives y; ' =y, Xo, Vo) = . = x, |02 |1.0082 vy
From the modified Euler’s formula,

(n+1) — +£[ ( )+ £( ™)] wh =0,1,2
Y1 Yo T3 f(x0,¥0) + fx1, 71 wheren 1,2,

h 0.2 0.2

y, D =y, + > [f(xo,¥0) + Fx, 31 @) =1+ - [0+1og(0.2+1)] =1+ 7(0.0792) =1.00792

@ h o 0.2
n® =y +3 [f(xo,¥0) + Fx, y1P)] =1+ - [log(0.2 + 0.00792)] = 1.0082

@) h @ 0.2
n® =y +3 [f(x0,y0) + fx, y1P)] =1+ - [log(0.2 + 1.0082)] = 1.0082
Since the values of y; @), y, @) are equal, we take y;, = y(0.2) = 1.0082
Runge-Kutta method of second order:
1. Solve y! = x2 + y with y(0) = 1 and find y (0.1) using R.K second order method with h=0.05
Sol) Given f(x,y) = x*+y,x, = 0,y, = 1 and taking h = 0.05
Runge-Kutta method is y; = y, + % ki + k3]
where ki, = hf (x9,y,) and k, =hf(xe+ h,yo + k1) x y

Xo | O 1 Yo
ki = hf (x0,¥0) = h(xo® +¥,) = 0.05(0 + 1) = 0.05 x; | 0.05 | 1.0751 | y4
x, |01 |1.1561 | y,

ky =h f(xo +h vy + ky) = Rf(0.05,1 + 1) = 0.05[(0.05)% + 2] = 0.100125

1 1
Vi =Y+ E[kl + k] =1+ 2[0.05 + 0.100125] = 1.0751
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Next take x; = 0.05,y; = 10751 y; = yo + = [ky + ko]
ky = hf (x1, 1) = h(x:% + ;) = 0.05(0.0025 + 1.0751) = 0.05388
ky =h f(e; + hy, + ki) = hf(0.1,1.0751 + 1.0776) = 0.05[(0.1)? + 2.1527] = 0.108135
v, =y + % [k, + ky] = 1.0751 + % [0.05388 + 0.108135] = 1.1561

Hence y, = y(0.1) = 1.1561

2. Solve y! = x2 + y with y(0) = 1 and find y(0.02) y(0.04) using R.K second order with h=0.02

Sol) Given f(x,y) =x?>+y,x, =0,y, = 1 and taking h = 0.02 X y
Xo | O 1 Yo
Runge-Kutta method is y; = y, + % ki + k3] x; | 0.02 | 1.03 V1
X, | 0.04 | 1.0609 | y,

where k; = hf(xo,v,) and k,=hf(xo+h,y, +k;)
ki = hf(xo,v0) = h(x¢% + o) = 0.02(0 + 1) = 0.02

ky =h f(xo + kv + ky) = Rf(0.02,1 + 1) = 0.02[(0.02)2 + 2] = 0.040008

1 1
YVi=Yo t > ki + k] =1+ > [0.02 + 0.040008] = 1.03

Next take x; = 0.02,7; = 103 y; = yo +75 [y + k]

ky = hf (xy, 1) = h(x,2 + y;) = 0.02(0.0004 + 1.03) = 0.020608

ky = hf (x, + h,y; + ky) = hf (0.04,1.03 + 1.0304) = 0.02[(0.04)% + 2.0604] = 0.04124

1 1
Y2 =1 +5 ks + kz] = 1.03 +-[0.020608 + 0.04124] = 1.0609

Hence y, = y(0.04) = 1.0609

3. Solve y' =y — x with y(0) = 2 and find y (0.1) y (0.2) using R.K second order with h=0.1

Sol) Given f(x,y) =y —x,x, = 0,y, = 2 and taking h = 0.1 X y
L Xg | O 2 Yo
Runge-Kutta method is y; = y, + 3 ki + k3] x |01 |2205 |y,
x, |02 |2.4210] y,

where k; = hf(xy,y,) and k, =hf(xy+ h,yo+ ky)
ki =hf(x0,y0) = h(¥o — Xpy = 0.1(2—-0) =0.2

ky =h f(xo+h v + ki) = Rf(0.1,2 + 0.2) = 0.1(2.2 — 0.1) = 0.21
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1 1
Y1 =Yot+ E[kl + k] =2+ E[O'Z + 0.21] = 2.205

Next take x; = 0.1,y; = 22050y, = y; +[ky + ko]

ky = hf(xy,y1) = h(y; —x1) = 0.1(2.205 - 0.1) = 0.2105

k, = hf(x; + h,y1 + ki) = hf(0.2,2.205 + 0.2105) = 0.1[(2.4155 — 0.2] = 0.22155
v, =y + % [ky + k,] = 2.2050 + % [0.2105 + 0.22155] = 2.4210

Hence y, = y(0.2) = 2.4210

4. Solve y! = x%2 + y2 with y(1) = 1.5 and find y (1.2) using R.K second order with h=0.1

Sol) Given f(x,y) = x2 + y%,x, = 1,y, = 1.5 and taking h = 0.1 X y
Xo |1 1.5 Yo
Runge-Kutta method is y, = y, + % [ky + ky] X, | 11 | 1.8890 | y,
Xy, | 1.2 2.4800 | y,

where k; = hf(xy,v,) and k, =hf(xo+ h,y, +k;)
ki = hf(x9,v0) = h(x0? + ¥02) = 0.1(1 + 2.25) = 0.325

ky=h f(xe +hyo + ki) = hf (1.1,1.5 4+ 0.325) = 0.1((1.1)% + (1.825)2) = 0.4540625

1 1
Vi =Y+ > ki + k,] =15+ > [0.325 + 0.4540625] = 1.8890

Next take x; = 1.1,y; = 1.8890  y, = y1 +=[k; + ko]
ky = hf (ey,v,) = h(x,2 + y,2) = 0.1[(1.1)% + (1.889)%] = 0.1(1.21 + 3.568) = 0.4778321

ky = hf(x, + hy, + ki) = hf (1.2,1.8890 + 0.4778321) = 0.1[((1.2)? + (2.3668321)%] = 0.7042

1 1
Y2 =y1 +5 ks + kz] = 18890 + 504778 + 0.7042] = 24800

Hence y, = y(0.2) = 2.4800
5. Using R.K method solve 10y! = x2? + y? with y(0) = 1 inthe interval 0 < x < 0.4 with h = 0.2

Ans: By using second order y; = y(0.2) = 1.0208 and y, = y(0.4) = 1.0441
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Runge-Kutta method of fourth order:
1. Solve y! = y — x with y(0) = 2 and find y (0.1) y (0.2) using R.K fourth order method
Sol) Given f(x,y) =y —x,xy = 0,y, = 2 and taking h = 0.1

Fourth order Runge-Kutta method is y; = y, + é ki + 2k, + 2k3 + ky)

&), . L

where ky = hf(xo,¥o), and k= hf (xo+5, 0+ o |2 Ve

x; |01 [2.2052 ] y,

x, | 0.2 | 24214 y,

h k,
ks =hf<x0 +§,yo +7> ko =hf(xg +hyo + ks3)

ky = hf(xo,y0) = (0.1)(2—-0) = 0.2

k, = hf (xo + g,yo + %) = (0.1)f(0 +%(0.1), 2 +%(0.2) = (0.1)[2.10 — 0.05] = 0.1(2.05) = 0.205

h k, 1
ks=hf (xo +5.%0 + 7) = (0.1)f(0.05,2 +5(0.205) = (0.1)[2.1025 — 0.05] = 0.20525

k, = hf (xo + h,yo + k3) = (0.1)£(0.1,2 + 0.20525) = (0.1)[2.20525 — 0.1] = 0.21053

1 1
y1 = Yo + g lks + 2k + 2ks + kgl = 2+ £[02+2(0.205) + 2(0.20525) + 0.21053] = 2.2052

Next take x; = 0.1,y, = 2.2052 f(x,y) =y —x and taking h = 0.1

ky = hf (xy,v,) = (0.1)(2.2052 — 0.1) = 0.2105

h ky 1 1
k, = hf <x1 +oyt 7) = (0.1)f(0.1 +5(0.1),2.2052 +(0.2105))

1
= (0.1) [2.2052 + 5(0.2105) —0.15[ = 0.1(2.16046) = 0.2160

h k 1 1
ks=hf (xl +oy+ ;) = (0.1)f(0.15,2.2052 +(0.216) = (0.1) [2.2052 + (0.216) — 0.15| =

ky = hf Gy + by, + ks) = (0.1)£(0.2,2.2052 + 0.2163) = (0.1)[2.4215 — 0.2] = 0.2222

1 1
Y2 =1+ g lks + 2k + 2ks + ky] = 2.2052 + 202105 + 2(0.216) + 2(0.2163) + 0.2222] = 2.4214

Hence y, = y(0.1) = 2.2052 and y, = y(0.2) = 2.4214
2. Solve y! = x? + y2 with y(0) = 1 and find y (0.2) using R.K fourth order with h=0.1
Sol) Given f(x,y) = x? + y?,x, = 0,y, = land taking h = 0.1

Fourth order Runge-Kutta method is y; = y, + é ki + 2k, + 2k5 + k4]
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where Iy = hf (o, ¥0), and ky = hf (%0 +3,y0 +72),

2

h k, x y
k3=hf(x0+§;%+7>'k4=hf(xo+h;3/o+ k3) X | 0 1 Yo
x; |01 |1.1115] y,
ki = hf(xo,y,) = (0.1)(02 + 12) = 0.1 x, |02 |1.2530] y,

k, = hf (xo + %,yo + %) = (0.1 (0 +%(0.1), 1 +%(0.1) = (0.1)[(0.05)? + (1.05)?] = 0.1105

ks=hf <x0 + %,yo + %) = (0.1)f(0.05,1 +%(0.1105) = (0.1)[(0.05)% + (1.05525)%] = 0.1116

ky = hf(xo + R yo + ks) = (0.1)(0.1,1 4+ 0.1116) = (0.1)[(0.1)? + (1.1116)?] = 0.1246
1 1
Y1 =Yo + 2 [ky + 2k; + 2k + ky] = 1+ 2[0.1+2(0.1105) + 2(0.1116) + 0.1245] = 1.1115

Next take x; = 0.1,y; = 1.1115 f(x,y) = x? + y? and taking h = 0.1

ky = hf (xy, y7) = (0.1)[(0.1)% + (1.1115)?] = 0.1245

k, = hf (xl L. +ﬁ) = (0.1)f(0.1 +%(o.1), 1.1115 +%(0.1245)) = (0.[(0.15)% + (1.17375)?]

2 2
= 0.1(1.400189) = 0.1400

ks=hf (xl + g,yl + %) — (0.1)f(0.15,1.1115 +%(o.14) = (0.[(0.15) + (1.1815)?] = 0.1418

ky = hf(x,+ by, + ks) = (0.1)£(0.2,1.1115 + 0.1418) = (0.1)[(0.2)% + (1.2533)2] = 0.1611

1 1
Y2 =1+ glhs + 2k + 2k + ky] = 11115 + 201245 + 2(0.14) + 2(0.1418) + 0.1611] = 1.2530

Hence y; = y(0.1) = 1.1115 and y, = y(0.2) = 1.2530
3. Solve y! = x? 4+ y? with y(1) = 1.5 and find y (1.2) using R.K fourth order with h=0.1

Ans: y; = y(1.1) = 1.8955 and y, = y(1.2) = 2.5043

4. Using R.K fourth order method solve 10y = x% + y2 with y(0) = 1 inthe interval 0 < x < 0.2 with h =

0.1
. x2+y? ,
Sol) Given f(x,y) = o X0 = 0,y = land taking h = 0.1
X Yy
Fourth order Runge-Kutta method is y; = y, + é ki + 2k, + 2k5 + k4] Xo |0 1 Yo
x; |01 |1.0101] y,
V2

where ky = hf(x0,¥0), and k, = hf (xo + g,yo + kl), x; | 0.2 | 1.0206

2
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ho ok
k3 =hf(x0 +E,y0 +7> ,k4 =hf(xO+h,y0+ k3)

(0.1)(0%2+412)
10

ky = hf(x9,¥0) = = 0.01

k2=hf(x0 ;l,yo "2) (0.DFO+5 Lo 1+t (0 01)_(2'3) [(0.05)2 + (1.005)2] = 0.0101

ks = hf(xo ;l,yo kz) 0.1)£(0.05,1 + = (0 0101) = (2';) [(0.05)2 + (1.0051)2] = 0.0101

ky = hf(xo +hyo + ks) = (0.1)£(0.1,1 + 0.0101) = (2—'3)[(0.1)2 +(1.0101)%] = 0.0103

1 1
y1= Yo +glky + 2kz + 2k; + kgl = 1+ 2[0.01+2(0.0101) +2(0.0101) + 0.0103] = 1.0101

Next take x; = 0.1,y; = 1.0101 f(x,y) = CY9) and taking h = 0.1
(0.1)
ky = hf (1) = ~757 102 + (1.0101)%] = 0.0103
h ky (0.1)
k, = hf (x1 2Vt ) = (0.1)f(0.1 += (0 1),1.0101 + = (0 0103)) = -5~ [(0.15)2 + (1.0153)?]
= 0.0105
h ks (0.1)
ks = hf(x1 oY1+ 2) = (0.1)£(0.15,1.0101 + = (0 0105) = —5>[(0.15)? + (1.0154)%] = 0.0105
(0.1)

ko = hf G+ hoyy + kg) = (0.1)£(02,1.0101 + 0.0105) = —-=[(0.2)? + (1.0206)*] = 0.0108

1 1
+ — [k, + 2k, + 2k + k,] = 1.0101 + —

G 6 [0.0103 + 2(0.0105) + 2(0.0105) + 0.0108] = 1.0206

Y2=MW1
Hence y;, = y(0.1) = 1.0101 and y, = y(0.2) = 1.0206

5. Using R.K fourth order method find y (0.4) for the equation % = % withy(0) = 1 take h = 0.2
Sol) Given f(x,y) = %, X0 =0,y =1 taking h =0.2

Fourth order Runge-Kutta method is y; = y, + é ki + 2ky + 2k5 + k4]

where ki, = hf(xo,y,), and k, = hf (xo > Yo+ ), Xy | O 1 Yo

x; | 0.2 | 1.1561 | y,

X, | 0.4 | 1.2778 | y,

h k
ks =hf(xo+ 5,00+ =) ke = hf Geo+ B yo + k)
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1-0

ki = hf (xo,30) = (02)[7e] = 0.2

h k, 1 1 11-01
k, = hf (xo 5o 7) = (0:2)f (0 +5(02),1+5(02) = 0277757 = 016666
ks =h ( Lk +k2)—(02) 0.1 1+1(016666)—(02) 108333 - 0.1, _ 6619
3 =hf X +7.2%+5)=(02)7(0.1,1+7(0. = 02 5g333 700 = ©
k, = hf(xg + h,yo + k3) = (0.2) (021+o16619)—(02)1'16619_0'2 = 0.07072
4= hf(xo +hyo + k3) = (0.2)7(0.2, ' =029 r02 = ©

1 1
y1= Yo +glky + 2kz + 2k; + kgl = 1+ 202+ 2(0.16666) + 2(0.16619) + 0.07072] = 1.15607

Next take x; = 0.2,y; = 1.15607 f(x,y) = %and taking h = 0.2

. )= (02) 1.15607 — 0.2 _ 0141

1= 1 G yn) = 02D 35e077702/ = ©

k, =h ( +h +k1>—(02) 02+1(02)115607+1(0141)—(02)[1'22657_0'3

2 =hf(x+5.51+5)=(02)7(0.2+35(02),1. 5 (0141) = (0.2) 17556577703
=0.1214

k.=h ( +h +k2>—(02) 0.3 115607+1(01214)—(02)[1'21677_0'3 =0.12088

s=hflxntgn+5)=027031. 2 -1 21677 4031 T

k, =hf(x; +h vy, + k) = (0.2)f(0.4,1.15607 + 0.12088) = (0.2) [1'27695_0'4 = 0.1046

s =hf(x; +hy + k3) =(0.2)f(0.4,1. : T 127695+ 0.4 T

1 1
ya = y1 + g lhs + 2k + 2ks + ky] = 115607 + 2 [0.141 + 2(0.1214) + 2(0.12088) + 0.1046] = 12778

Hence y; = y(0.2) = 1.1561 and y, = y(0.4) = 1.2778

6. Using R.K .method to approximate y when x=0.1 given that x=0 when y=1 and Z—z =3x +

%y and find y(0.2)

Sol) Given f(x,y) = 3x +%y X0 = 0,y, = 1 and taking h = 0.1

X y
Fourth order Runge-Kutta method is v, = y, + = [k + 2k, + 2ks + k] Xo | 0 1 Yo
6 x; |01 |1.0582 ] y,

0.2 | 1.1585
where ki, = hf(xo,y,), and k, = hf (xo + %,yo + %), %2 X

h k
ks =hf(x0 +§»3’0 +72> ke =hf(xg +h,yo + k3)

k1 = hf(xo,¥0) = (0.D)[3(0) +3 (1)] = 0.05
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k, = hf (xo L %) = (0.1)F(0 + % 0.1),1 +%(0.05) — (0.1) [3(0.05) + %(1.025) — 0.06625

2

ks=hf (xo + g Yo + %) — (0.1)f(0.05,1 + % (0.06625) = (0.1) [3(0.05) + %(1.033125):

= 0.06665625

" _
ky = hf(xo + b, yo + ks) = (0.1)£(0.1,1 + 0.06665625) = (0.1) [3(0.1) +5 (1.06665625) | = 0.003333

1 1
Vi =Y+ 3 ki + 2k, + 2ks + ky] =1+ 3 [0.05 + 2(0.06625) + 2(0.06665625) + 0.003333] = 1.05819

Next take x; = 0.1,y; = 1.05819 f(x,y) = 3x + -y and taking h = 0.1
1
ki = hf (e, y1) = (0.D[3(0.1) + 5 (1.05819)] = 0.08291

h ok 1 1
k, = hf (xl Foy 7) = (0.1) (01 +5(0.1),1.05819 + ~(0.08291))

= (0.1)[3(0.15) + % (1.09965)] = 0.09998

h k 1 1
ks=hf (xl +oyt %) = (0.1)f(0.15,1.05819 + > (0.09998) = (0.1) [3(0.15) + E(1.10818)]

= 0.10041

1
ke = hf(, + by, + ks) = (0.1)£(0.2,1.05819 + 0.10041) = (0.1) [3(0.2) + 5(1.1586)] =0.11793

1 1
Y2 =1+ g lks + 2k + 2ks + ky] = 1.05819 + - [0.08291 + 2(0.09998) + 2(0.10041) + 0.11793]

= 1.1585
Hence y, = y(0.1) = 1.0582 and y, = y(0.2) = 1.1585
7. Solve y! = x + y with y(0) = 1 and find y (0.1) y (0.2) using R.K fourth order method

Sol) Given f(x,y) =x +y,x, = 0,y, = 1 and taking h = 0.1

Fourth order Runge-Kutta method is y; = y, + é ki + 2k, + 2k3 + ky)

h k X 4
1
where ki, = hf(xo,y,), and k, = hf (xo +2.Y0 + 7), Xo | O 1 Yo
x; | 0.1 |1.1103 | y,
x, | 0.2 | 1.2428 | v,

h k
ks =hf(x0 +§»3’0 +72> ke =hf(xg+h,yo + ks3)

ky = hf(xy,y) = (0.1)(0 + 1) = 0.1
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k, = hf (xo + %,yo + %) = (0.1)f(0 +%(0.1), 1 +%(0.1) = (0.1)[0.05 + 1.05] = 0.1(1.1) = 0.11

h k, 1
ky=hf (xo +5. Y0+ 7) = (0.1)£(0.05,1 +(0.11) = (0.1)[0.05 + 1.055] = 0.1105

k, = hf(xo + h,yo + ks) = (0.1)£(0.1,1 + 0.1105) = (0.1)[0.1 + 1.1105] = 0.12105
1 1
y1= Yo +glky + 2kz + 2k; + kgl = 1+ 201+ 2(0.11) +2(0.1105) + 0.12105] = 1.11034

Next take x; = 0.1,y, = 1.11034 f(x,y) = x + x and taking h = 0.1
ky = hf(xy,y,) = (0.1)(0.1 + 1.11034) = 0.121034

h ky 1 1
k, = hf <x1 +ot ?> = (0.1)f (0.1 +(0.1),1.11034 + > (0.121034)) = (0.1)[0.15 + 1.170857]

= 0.1(1.320857) = 0.1320857

h k, 1
ks=hf (xl +oyn 7) = (0.1)f(0.15,1.11034 + > (0.1320857) = (0.1)[0.15 + 1.17638285]

= 0.1326382

ky = hf(x, + hyy + ks) = (0.1)£(0.2,1.11034 + 0.1326382) = (0.1)[0.2 + 1.2429783] = 0.1442978

1
Vo =V1 +g[k1+2k2+2k3+k4]

1
=1.11034 + 3 [0.121034 + 2(0.1320857) + 2(0.326382) + 0.1442978] = 1.242803

Hence y; = y(0.1) = 1.1103 and y, = y(0.2) = 1.2428
8. Explain R.K method and use it to solve y! = xy for x = 1.4 giventhatx = 1,y = 2.
Sol) Given f(x,y) = xy,x, = 1,y, = 2 and taking h = 0.2

Fourth order Runge-Kutta method is y; = y, + é ki + 2k, + 2k3 + k4]

kl) X y

h
where ki = hf(xo,¥0), and k, = hf (xo + Yot Xy |1 2 Yo

x; | 1.2 | 24921 y,

x, | 1.4 |3.2321] y,

h k
ks =hf(x0 +§»3’0 +72> kg =hf(xg+h,yo + ks3)

ki = hf(xo,¥,) = (0.2)(2) = 0.4

k, = hf (xo 4 g,yo 4 %) = (0.2)f(1 +%(0.2), 2 +%(0.4) = (02)[(1.1)(2.2)] = 0.484

ks=hf (xo + g,yo + %) = (0.2)f(1.1,2 +%(0.484) = (0.2)[(1.1)(2.242)] = 0.4932
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ky = hf(xg + h,yo + ks) = (0.2)f(1.2,2 + 0.4932) = (0.2)[(1.2)(2.4932)] = 0.5984

1 1
Y1 =Y+ 3 [ky + 2k, + 2ks + ksl =2 + Z [0.4 + 2(0.484) + 2(0.4932) + 0.5984] = 2.4921

Next take x; = 1.2,y; = 2.4921 f(x,y) = xy and taking h = 0.2

ky = hf (xy,y,) = (0.2)(1.2)(2.4921) = 0.5981

ﬁ) = (0.2)f(1.2 + % (0.2),2.4921 +%(0.5981)) = (0.2)[(1.3)(2.79115)]

h
k, —hf(x1+§,y1+ :

= 0.7257

ks=hf <x1 + g,yl + %) = (0.2)f(1.3,2.4921 +%(0.7257) = (0.2)[(1.3)(2.85495)] = 0.7423

ky, = hf(e; + by, + ks) = (0.2)F(1.4,2.4921 + 0.7423) = (0.2)[(1.4)(3.2344)] = 0.9056

1 1
Yo =y, + 3 ki + 2k, + 2k5 + k] = 2.4921 + 3 [0.5981 + 2(0.7257) + 2(0.7423) + 0.9056] = 3.2321

Hence y, = y(1.2) = 2.4921 and y, = y(1.4) = 3.2321

9. Apply the fourth order R.K method to find y (0.1) and y (0.2), given y* = xy + y2,y(0) = 1
Ans) y, = y(0.1) = 1.1133 and y, = y(0.2) = 1.2728

10. Find y (0.1) and y (0.2) using R.K fourth order method, given that y! = x? — y and y(0) = 1

Ans) y, = y(0.1) = 0.9052 and y, = y(0.2) = 0.8213




